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Motivation

Example 1.0: Intrinsic syntax of type theory

data Con : Set data Sub where

data Ty : Con - Set id : {I : Con} » Sub ' [

data Sub : Con -+ Con - Set °_:{fTA© :Con} +Sub© A-+Subl © ~
data Tm : ([ : Con) » Ty [ = Set Sub I A

g : {[ : Con} » Sub I o

data Con where : {fT A : Con} {A : Ty A} (o : Sub [ A)

& : Con - Tm [ Aloc] =+ Sub I (A , &)
_,_: (' : Con) » Ty I = Con w1 ¢+ {l A : Con} {A : Ty A} =+
Sub I (A, A) »Subl A
data Ty where ido : id o o = o
-[-] : Ty A-+Sub [ ATyl oid : 0 0 id = o

U:{l: Con} +Ty '
El : {I : Con} +Tm [ U » Ty

N :A{r : Con} (A: Ty ) =+ data Tm where
Ty (T, &) » Ty [ =[] : {T A : Con} {A : Ty A} {0 : Sub I A}
[id] : A [id] = A +Tm AA= (o :Subl A) »TnTl Alo]

[0 : Alollv] = Alo o v] 7o : {T A : Con} {A : Ty A} =
(o0 : Subl (A, 8) = Tm [ Alm; o]
lam : {[ : Con} {A : Ty '} {B : Ty (I , A)} +
Tm (I, A) B~ Tm [ (1 AB)
app : {I : Con} {A : Ty I'} {B : Ty (I' , A)} »
Tm I (MMAB) »Tm (I, A)B
7 : app (lam t) = t



Motivation

Example 1.1: (Simplified) intrinsic syntax of type theory

data Con : Set
data Ty : Con -+ Set

data Con where
¢ : Con
_s_ (I : Con) (A : Ty ) =+ Con
eq : (' : Con) (A : Ty ) (B : Ty (I , A)) ~
((r,A ,B =, XTlAB)

data Ty where

t: (I : Con) = Ty I
Y : (F:Con) (A : Tyl +Ty (I, A =Tyl



Specifications of inductive types

Class of types Functor type Category theory Type theoretic Universal
semantics normal form type
ordinary inductive Set — Set initial algebras of containers W-type
types endofunctors on
e.g. N: Set Set
inductive families (I — Set) — (I — Set) initial algebras of  indexed containers WI-type

e.g. Fin: N — Set

endofuntors on
Set/
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Specifications of inductive types

Class of types Functor type Category theory Type theoretic Universal
semantics normal form type
ordinary inductive Set — Set initial algebras of containers W-type
types endofunctors on
e.g. N: Set Set
inductive families (I — Set) — (I — Set) initial algebras of  indexed containers WI-type
e.g Fin: N — Set endofunt(l)rs on
Set
QlITs we have an alternative ? ? ?
e.g. Con : Set representation
Ty : Con — Set

Specifying QIITs using Containers



QIIT semantics [Altenkirch et al., 2018] by example

Idea: Start with the sorts, and add constructors one by one.

Example 1.1

data Con : Set
data Ty : Con + Set

data Con where
© @ Con
: (r: Con) (A : Ty ) = Con

Sq : (F:Com) (A:Tyrm (B: Ty (r, A)) » ((r, &) ,B) = (-, =rAB

data Ty where
¢t : (r:Con) » Ty r
¥ :(F:Con) (A:Tynm =Ty (r, A) =Ty



QIIT semantics [Altenkirch et al., 2018] by example

Idea: Start with the sorts, and add constructors one by one.

Example 1.1

data Con : Set
data Ty : Con -+ Set

data Con where
© @ Con
—»— : (r: Con) (A : Ty ) + Con
eq : (F:Con) (A:Tyr) (B:Ty (r, A) - ((r,A) ,B) =(,=rAB)

data Ty where
¢t : (r:Con) » Ty r
¥ :(F:Con) (A:Tynm =Ty (r, A) =Ty

@ Category Ag of sorts. Ag = Fam (Set) has

o objects of type >(C : Set)(T: C — Set),

e morphisms (C, T) — (C’, T') are functions f: C — C’ and
g:(c:C)—=Tc— T (fc).



QIIT semantics [Altenkirch et al., 2018] by example

Example 1.1

data Con : Set
data Ty : Con - Set

data Con where

_,_: (F: Con) (A: Ty ) = Con
eq: (F:Con) (A:Tyr (B:Ty (r, A)) = (r,A ,B = ,xrAB

data Ty where
L (r: Con) » Ty I
T :(F:Con) (A: Tyl =Ty (Fr, A) »Tyr

@ Adding constructor ¢ : Con.

Lo: Ag — Set
LQ(C, T) =1
Ro: fLo — Set

=>>(C:Set)(T: C — Set)(Lo(C, T)) — Set
Ro(C, T,x) =C



QIIT semantics [Altenkirch et al., 2018] by example

Example 1.1

data Con : Set
data Ty : Con - Set

data Con where

_,_: (F: Con) (A : Ty 1) = Con
eq (r : Con) (A : Ty r> (B :Ty (r, A)=(r,A ,B) = ,=rAB)

data Ty where
L (r: Con) » Ty I
T :(F:Con) (A: Tyl =Ty (Fr, A) »Tyr

© Category of algebras Aj has

e objects of type
Y3 (C:Set)(T: C — Set)(e: (x: Lo(C, T)) = Ro(C, T,x))
23 3(C:Set)(T: C— Set)(e: C)

e morphisms (C, T,e) — (C’, T', €) are functions f: C — C’
and g: (c: C) = Tc— T'(f ¢) such that &' = f(e).



QIIT semantics [Altenkirch et al., 2018] by example

Example 1.1

data Con : Set
data Ty : Con - Set

data Con where

—s— ¢ (r: Con) (A : Ty ) =+ Con
eq (r : Con) (A : Ty r> (B :Ty (r, A)) » ((r, A) ,B) = (", =l AB)

data Ty where
L (r: Con) » Ty I
T :(F:Con) (A: Tyl =Ty (Fr, A) »Tyr

@ Adding constructor _,_ : (I' : Con) (A : Ty ') -+ Con.

Li: Ay — Set
Li(C, T,e) =>(I:C)(TT)
Ri: le — Set

=>>>(C:Set)(T: C — Set)(e: C)(L1(C, T,e)) — Set
Ri(C, T,e,,A)=C



QIIT semantics [Altenkirch et al., 2018] by example

Example 1.1

data Con : Set
data Ty : Con - Set

data Con where

_,_: (F: Con) (A : Ty 1) = Con
eq (r : Con) (A : Ty r> <B :Ty (r, A)) » ((r, A) ,B) = (", =l AB)

data Ty where
L (r: Con) » Ty I
T :(F:Con) (A: Tyl =Ty (Fr, A) »Tyr

© Category of algebras Aj has

e objects of type
Y 3(C:Set)(T: C — Set)(e: C)(ex: (x: Li(C, T,e)) —
Ri(C, T,e,x))
2SS (C:Set)(T: C — Set)(e: C)(ex: (M C)TT)—
Q)

o morphisms (C, T,e,ex) — (C’', T, €', ex’) are functions
f:C—Candg:(c:C)— Tc— T'(fc) such that
e =f(e)and ex’ o (fT,glt)=foex(l,t),

and so on.



Specification of inductive types, revisited

Class of types Representation Category theory Type theoretic Universal
semantics normal form type
ordinary inductive functor initial algebras of containers W-type
types Set — Set endofunctors on
eg. N:Set Set
inductive families functor initial algebras of  indexed containers WI-type
e.g Fin:N — Set (1 — Set) — (1 — Set) endofuntors on
Set/
QlITs sequence of functors L, initial object in ? ?
e.g. Con : Set and R, and sequence of last constructed

Ty : Con — Set

categories of dialgebras

category of
dialgebras A,

Specifying QIITs using Containers



Specification of inductive types, revisited

Class of types

Representation

Category theory
semantics

Type theoretic
normal form

Universal
type

ordinary inductive
types
e.g. N:Set

inductive families

e.g. Fin: N — Set

QllTs

e.g. Con : Set,
Ty : Con — Set

functor
Set — Set

functor
(1 — Set) — (1 — Set)

sequence of functors L,
and R, and sequence of
categories of dialgebras

initial algebras of
endofunctors on
Set

initial algebras of
endofuntors on
Set/

initial object in

last constructed
category of
dialgebras A,

containers

indexed containers

representations

constructed via
generalised
containers

Specifying QIITs using Containers

W-type

WI-type

?
(QW-type)



Our contribution: restricting L, and R,

We require L,: A, — Set and R,: [ L, — Set to be generalised
container functors (+ other restrictions on R).



Our contribution: restricting L, and R,

We require L,: A, — Set and R,: [ L, — Set to be generalised
container functors (+ other restrictions on R),).

Definition
A generalised container S < P over a category C is a pair S : Set
and P: S — |C|.

Definition
The generalised container extension functor associated to S < P
and having type C — Set, is defined by

[S<aP]X :=3(s:S)(C(Ps, X))

on objects X : |C].



Our contribution: restricting L, and R,

S, : Set
Pn: Sn— |Ag

QX: S, — |A,]
Qrfr: (S : Sn) — An(Pnsa Q,),<5)

L, : A, — Set
LaX = [Sq<aPa] X = 3(s:Su)(F: An(Pas, X))

R, : [L,— Set
Ro(X,(s.f)) = [Sn<aQu](X,(s.f))
=~ SN (h: AN(QF s, X)) (ho Qf s = 1)



Our contribution: restricting L, and R,

S, : Set
Pn: Sp— |Ay

Qf: Sp — |An]
Qf: (s:S,) = An(Pys, QYs)

L, : A, — Set
Lo X = [Sp<aPr] X = > (s:Sp)(f: An(Prs, X))

R, : [L,— Set
Rn(X,(s,f)) = [Sh<Qn](X,(s,f))
> S (h:An(QF s, X))(ho Qf s =f)



Discussion and future work

@ QIITs combine set-truncated equalities with
induction-induction.

@ We can represent QIITs semantically as initial dialgebras.

@ We propose a specification of strictly positive QIITs, which
is more semantic than the one given by [Kaposi et al., 2019].

@ What does a universal QW-type look like? One proposal
given by [Fiore et al., 2021].



Discussion and future work

@ QIITs combine set-truncated equalities with
induction-induction.

@ We can represent QIITs semantically as initial dialgebras.

@ We propose a specification of strictly positive QIITs, which
is more semantic than the one given by [Kaposi et al., 2019].

@ What does a universal QW-type look like? One proposal
given by [Fiore et al., 2021].

Thank you!
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