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Abstract

We introduce the notion of a Martin-Léf category—a locally cartesian closed category with disjoint
coproducts and initial algebras of container functors (the categorical analogue of W-types)—and then
establish that nested strictly positive inductive and coinductive types, which we call strictly positive
types, exist in any Martin-Lof category.

Central to our development are the notions of containers and container functors. These provide
a new conceptual analysis of data structures and polymorphic functions by exploiting dependent
type theory as a convenient way to define constructions in Martin-L&f categories. We also show
that morphisms between containers can be full and faithfully interpreted as polymorphic functions
(i.e. natural transformations) and that, in the presence of W-types, all strictly positive types (including
nested inductive and coinductive types) give rise to containers.
© 2005 Elsevier B.V. All rights reserved.

Keywords: Type theory; Category theory; Container functors; W-Types; Induction; Coinduction; Initial algebras;
Final coalgebras

2. Background
2.1. The categorical semantics of dependent types

This paper can be read in two ways (see Proposition 2.5):
(1) as a construction within the extensional type theory MLW®*t (see [8]) with finite types,
W-types, a proof of true # false and no universes;
(2) as a construction in the internal language of locally cartesian closed categories with
disjoint coproducts and initial algebras of container functors in one variable—we call
these Martin-Lof categories.



Once upon a  time

Proposition 5.3. Given a container F = (S > P, Q) € G4 then

[WsQ © Pospsypr]lX =puY. [FI(X,Y); @ Ea 83 mough

writing uF = (WsQ > Posp supr) we can conclude that [ F ] = pll F[—

Proposition 5.4. Given a container F = (S > P, Q) € G4 then

[MsQ o Pospsupr] X=vY. [FI(X,Y); @ COV\‘FUS\ Y\j

writing VF = (MgQ > Posp supr) we have [VF ] =v[ F[—]].

@& T ehouwld formalise !



The  punch Lne

. We  formoud sed

‘contamex functors preser\/e initiad wlgebras
£ terminal ooaLJebraL&> n  Cubical Aﬂda.

- We  improved the or‘\g,'ma,l result :

extensionad intensional
- Set an3 )
decidoble contoiners

fype- cheking

n HoTT



. Baoksround - Contouners  (ak.a. polyomial functors)

A contriner s given by o pur S:Seb,
P:S— Seb, written S<P.
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Baoksround - Contouners  (ak.a. polyomial functors)

_
A conbain_l.gl IS ?uw bﬂ a por 3;52’7
PS> Seb, written S<4P.

(ontainers have o funcboriol interpretation .
The container functor [S<P]: §U%‘Pe_> s
defined as - Tpe

15<PTX = 2 (Ps = X) o oypes



. Baaksround s = ory cont auners

An T-ary container is given by o pur S Typ,

P I>8—>Tye , written S<4P. =z
e —
"lgmx-rgwx...

(S

The T-ary container funcior [S<PT: Type ->Type
s defined as

[S<PIX = 2 (Tr Pis - X:

s:8 I



- Example - Lists

E’ﬂ' FList - St > Sev
(A X) > 1+ (Ax X)
4 85,7 Q suh thot

2 (Ps — A)x (Qs »X)
Fl.ist (")X) [[34(P Q)ﬂ (A X)

1td

And, uX. Py (Ax)2 DN<FalA A dosure
v X Lls{: (A4X) & LNwo a (ofin] A ¥V closue



Coinol uctive types

Indu ction

data N : Type where
zero : N

} constlruekors

succ : N — N

isEven : N — Type
isEven zero = T
isEven (suc zero) = L

isEven (suc (suc n)) = isEven n

pottern mot a\'mg



Coinol uctive types

Indu ctrion Coinduction

record Stream (A : Type) : Type where

data N : Type where coinductive

zero : N field
succ: N —- N cq\struwors hd : A
: destructors
tl : Stream A }
isEven : N — Type
isEven zero = T from : N — Stream N
isEven (suc zero) = L hd (from n) = n

isEven (suc (suc n)) = isEven n tl (from n) = from (suc n)

pottern mot ch'mg copattern  moadchi ng



Coinduction in Agda

In vonidle Agda (without postulodes) :

v wpan:ern Mokt

S Sua[o&.d Lorecnr sion

X not enogf ex’cmsionalitj eq. no fun ction
extension ’c5



Coinduction in Agda

In vonidle Agda (without postulodes) :

v wpcwl:ern Mokt

S Sua[o&.d Lorecnr sion

X not eno:gf ex’cmsionalitj eq. no fun ction
extension tu

In Cubical /\Sdu, funExt is provable .
T-h\S 'Fau&tutes funExt: ((z: A) > fx=g2x) > f=gyg
Conoluct(ve, YQ—GSO’NH&. WNEXHp £ = p &



Background. Agola. £ Cubical /\goLa.

UAgda s a o\epwdent\:, — typed. proof-
assistant based on Mortin- Lof type  theory.
Proposi'l:ionoJL eiuahty s an inductive Fumi\j.



Background. Agola. £ Cubical /\goLa.

Cubical Aqda extends Agda. with primitives
from mbimj type treory.
We fave an interval pre-type T s tht an
eq,uul)ty P2 Sy is now a fun ction

p: L £
suth that p i0=2 and piizy.

o/

n

has hative Support for
the univalence axiom.



The stabement (Prop. 5-4)

for [[S4E,GH:T3P6IH —*—la(ae, and  for

X;EPGI)
(IMs @« PsMl x| )
s te terminal [S<P, @l (J.(,-)-coalgabm_

10



The M- type

M is the chpe of non- weld founoled Labelled
ees.

record M (S : Type) (P : S — Type) : Type where : N\

:ioeilzductive 'F(ﬂlw ﬁ
shape : S . .
pos : P shape -+ M S P W\'Fll\l‘l:e, mth‘s

M s the wmver Sal tﬂpe, of .s(:rid:lﬁ positive
co indu chve hJPes.

1n



~ Example N oo

record Noo : Type where O .!. 2 . NOO
coinductive
field o9 N’O aﬂi preol o0 (°°>-—

predoo : Maybe Noo

wn
I

To represent Noo Vie M,
defire : Q (i

[
— =

Then MSQ 2 Neo

12



PosM : finite paths ﬁhr‘ough an M- +tree

S=TwT

data PosM : M § @ — Type where

here : {m: M S @} — PosM m ggll:l_;;i
below : {m: M S @} {q: @ (shape m)} — PosM ((pos m) q) — PosM m M S Q ~ Noo
inr +t
Hee inl 4 \ e 4
fepresentations inl tt
N oo 0 L e =
M 0 PosM 1 = |fosM =0 =

= fherel ihere, below (here)} 1



. Our Experience

. 1t was nob obVious +to us whether the originel
prooP on\3 worked for h-gtbs. 3‘

1"



. Our Experience

. 1& was not obVieus +to us whether the grigxml.
proOP on\3 wor ked  for h-gts.

. We had an issue with Agda’s Hor minakian

theeker thatt meant we had to prove Some
bhmgs W & roundobout way.

1"



. Fwbure wark

- Moun  result of onginal paper talks about
contginers (not their funckors)  bewng  closed
under M ard V. Reclwires more  \Wild cutcjor\\j
-tmory.

Contouners in HoTT, for semantics of higrer
indu ki ve td?e&.
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THANK You !
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