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Abstract

Martin-Lof’s dependent type theory is a formal language for programming and con-
structive mathematics. It acts as the basis for modern proof assistants like Agda, which
are tools for doing computer-assisted mathematics. Central to Martin-Lof’s type theory
is the notion of an inductive type, which allows us to define a new type by providing a
list of constructors specifying how to form elements of the type. Homotopy type theory
is a more recent development which interprets type theory in a homotopy theoretic
way, whereby types are seen as spaces, elements as points in a space, and the identity
type as the path space between two points. In this context, inductive types are not
only defined in terms of their elements (points), but also in terms of their equalities
(paths). Inductive types of this kind are referred to as higher inductive types. Ordinary
inductive types and inductive families in Martin-Lo6f’s type theory are well understood
and already enjoy fully developed semantics thanks to containers, which are semantic
gadgets used to carve out a class of particularly well-behaved inductive types, called
strictly positive types, in terms of ‘shapes’ and ‘positions’. A similar well-established
theoretical foundation for higher inductive types has not yet been found.

The aim of this thesis is to explore the theoretical foundations and applications of
container theory in the context of homotopy type theory, to contribute towards the
long-term goal of providing semantics for higher inductive types via generalisations of
established container theory. The thesis is the result of several projects carried out on
this theme.

Chapter 1 presents an overview of the different kinds of containers that have been de-
veloped in the literature, while giving explicit proofs of some of their closure properties
that are missing in the literature, and giving an account of generalised containers.

Chapter 2 showcases a formalisation in Cubical Agda of the result that ‘containers
are closed under least and greatest fixed points’, generalising the original result by
Abbott, Altenkirch, and Ghani into a setting where uniqueness of identity proofs is not
assumed.

Chapter 3 presents a construction of a groupoid category with families of containers,
which is fully formalised in Cubical Agda. Constructing a model of type theory
using containers was motivated in the first place by our exploration into using containers
to provide semantics for quotient inductive-inductive types, which we also discuss



ii

towards the end of the chapter.

Chapter 4 investigates applying the theory of containers to the study of monad distribu-
tive laws. We characterise monadic, monadic-directed, and directed-monadic container
distributive laws, that have been formalised in Cubical Agda.
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CHAPTER 0

Introduction

We give a brief overview of the thesis as a guide to the reader, and list the main
contributions of each chapter. We also make note of which parts of the thesis are
based on our publications (or unpublished work), and give credit where it is due to our
collaborators on these projects.

The reader is assumed to be familiar with basic category theory notions such as functors,
natural transformations, limits and colimits etc. Having some experience with (vanilla)
Agda is helpful, since some of our definitions are given as Agda code, while knowledge
of Cubical Agda is not assumed, as we give a brief introduction before we use it.

Our work takes place in different flavours of dependent Martin-Lof type theory. In
order to be compatible with homotopy type theory, we do not assume uniqueness of
identity proofs, and when we require a type to be an h-set we state this explicitly. Most
of the work presented has an accompanying formalisation in Cubical Agda, which
implements a version of cubical type theory, although when possible we try to remain
independent of any one model of homotopy type theory.

0.1 Outline & Contributions

Chapter 0: Introduction

Section 0.2 gives a brief introduction to (homotopy) type theory, which can be skipped by
the reader already familiar with this field. Section 0.3 introduces and gives examples of
different classes of inductive types. Section 0.4 defines some category theory constructs
that appear later, and Section 0.5 explicates notations that will be used thereafter.

Declaration of Authorship Sections 0.2 and 0.3 and parts of Section 0.4 are adapted from
my master’s thesis [Dam20] and my first year review report [Dam?22].
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Chapter 1: A Survey of Containers

This chapter provides an overview of the different kinds of containers in the literature,
namely unary, n-ary, and indexed containers, and introduces generalised containers.
We look at categories of containers and relate them to categories of functors, and look
at closure properties of containers.

Contributions

« Definitions and proofs of containers stated in a type theoretic setting

+ Theorem 1.3.21: Proof that n-ary containers are closed under exponentiation

+ Theorem 1.4.8: Proof that indexed containers are closed under exponentiation
Section 1.5: Formal definitions, closure properties, and formalisation of gener-
alised containers

Declaration of Authorship The majority of this chapter is a collection of various existing
results on containers. Most of these results are presented in category theory, but we
work in and therefore present them in type theory. Many of the results on unary
containers were first shown by Abbott, Altenkirch, and Ghani [AAG03; AAG04; AAGOS5;
Abb03], while those on indexed containers were shown by Altenkirch, Ghani, Hancock,
McBride, and Morris [AM09; AGH+15]. To our knowledge, Theorems 1.3.21 and 1.4.8
as stated above are new, and due to Altenkirch and myself. Generalised containers
were mentioned in an abstract by Altenkirch and Kaposi [AK21], but the results in
Section 1.5 are new and due to Altenkirch and myself, while the formalisation was done
by myself.

Chapter 2: Inductive & Coinductive Containers

We present a formalisation in Cubical Agda of the results stating that container
functors are closed under initial algebras (least fixed points) and terminal coalgebras
(greatest fixed points), first proved by Abbott et al. We do so while making no h-set
assumptions, thereby generalising the original results from talking about h-sets to types
of any h-level. Most of the chapter details our experience using coinductive types in
Cubical Agda, the challenges that were involved, and our workarounds.

Contributions

« Section 2.1.3: Stating container definitions in terms of the wild category of types
Type instead of the category of sets Set

« A formalisation of Theorem 2.3.1: container functors are closed under least fixed
points, with no h-set assumptions

+ A formalisation of Theorem 2.3.4: container functors are closed under greatest
fixed points, with no h-set assumptions

Declaration of Authorship This chapter is a result of joint work with Thorsten Altenkirch
and Axel Ljungstrom. A version of this chapter has previously been published as a
conference paper at ITP 2025 [DAL25b]. The aforementioned closure results on con-
tainers that we formalised were originally proved by Abbott et al. [AAGO05]. Our proof
of Theorem 2.3.1 follows their proof very closely. Our proof of Theorem 2.3.4 also
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roughly follows theirs, but considerably more care was required to convince Agda of
termination and to avoid relying on h-set assumptions — two issues that do not show
up in the original proof.

Chapter 3: A Container Model of Type Theory

We present a detailed account of the container model of type theory first suggested
by Altenkirch and Kaposi. We show that their container model is a groupoid CwF,
and formalise this construction fully in Cubical Agda. We explain how this project
is a prerequisite for our approach of providing categorical semantics for quotient
inductive-inductive types (QIITs), and present some conjectures on this matter.

Contributions

« Definition 3.3.3: A precise account of the structure required for a model of type
theory to allow for groupoids of types
« Section 3.4: A detailed presentation of the container model of Altenkirch and
Kaposi as a GCwWF, fully formalised in Cubical Agda. We improve and extend
their existing incomplete formalisation by
- making explicit when types are h-sets (whereas before this was implicit),
— switching out certain definitions (e.g. the pushout), defining a univalence
principle for generalised containers (GenCons) and proving several associ-
ated lemmas, and proving functoriality of Ty in a specific way all in a bid to
set things up nicely for our coherence proofs, and
- completing all the necessary constructions and proofs for the GCwF con-
struction, in particular, stating and proving the coherence laws related to
Ty, and giving proofs relating to terms and context comprehension that
were incomplete or omitted in their formalisation.

Declaration of Authorship Our container groupoid CwF builds on the definition and
formalisation presented in Altenkirch and Kaposi’s abstract [AK21]. Our GCwF defini-
tion (Definition 3.3.3) uses some ideas and terminology from [Che25] and should be
equivalent to that in [AKX26]. The idea of obtaining semantics for QIITs via containers
was suggested to me by Altenkirch, and the discussion in this chapter is based on our
joint investigation on the topic. The formalisation in Cubical Agda was done by
myself, though I benefitted greatly from Axel Ljungstrom’s advice regarding how to set
things up to make later proofs easier, and also Altenkirch’s feedback throughout.

Chapter 4: Distributive Laws of Monadic Containers

We give characterisations of monadic, monadic-directed, and directed-monadic con-
tainer distributive laws that have been fully formalised in Cubical Agda. We provide
numerous examples, including ones that illustrate how these characterisations can
be used to show the existence and uniqueness of distributive laws between monadic
containers.
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Contributions

+ Definition 4.3.2: Definition of a distributive law between monadic containers

+ Definition 4.3.8: Definition of a monadic container that is the composite of two
others

+ Definitions 4.3.13 and 4.3.14: Definitions of monadic-directed and directed-monadic
container distributive laws

 Various existence and uniqueness of distributive laws proofs, such as Lem-
mas 4.3.4, 4.3.6 and 4.3.16.

« An accompanying formalisation in Cubical Agda of many of our definitions
and results

Declaration of Authorship This chapter is a result of joint work with Chris Purdy. We
benefitted from discussions with Thorsten Altenkirch on his previous work (with Gun
Pinyo) on monadic containers [AP17]. The chapter is based on a conference paper that
was published at CALCO 2025 [PD25b]. Our characterisation of monadic container
distributive laws and compatible composites follow those of Beck [Bec69]. Our mixed
distributive law definitions in Section 4.3.2 combine our characterisation with those of
Ahman and Uustalu’s [AU13]. Section 4.4 replicates Zwart and Marsden’s approach to
see if we can carry their results over to our monadic container setting.

0.2 An Introduction to Type Theory

A type theory is a formal system in which we can derive certain kinds of judgments.
Some examples of type theories are the simply-typed lambda calculus, the calculus
of constructions, and Martin-Lof type theory (MLTT) . We define a type theory by
listing its kinds of judgments and their syntax, and listing the derivation rules that can
be used in proofs of the judgments.

In this dissertation, we will always be working in some flavour of MLTT, which Martin-
Lof developed, among other things, as a foundation for intuitionistic mathematics.
Intuitionism, introduced by Brouwer, is a philosophy of mathematics and a variety
of constructivism, which states that a mathematical object exists only if it can be
constructed. In particular, in contrast to the widely accepted Zermelo-Fraenkel set
theory with choice (ZFC), it does not assume the law of the excluded middle, which
states that any proposition is either true or false. It is therefore instructive to briefly
explain the basic concepts of MLTT in relation to how they are treated in set theory.

0.2.1 Type theory vs. set theory

Most mathematicians today accept and use set theory as the foundation of mathematics.
Set theory organises mathematical objects into collections called sets, such as the set of
natural numbers N = {0, 1,2,3,... }. All mathematical objects can be represented as
sets. For instance, the number 0 is simply a shorthand representation for the empty set
{}, 1 is the set containing 0 {{}}, 2 is the set containing 0 and 1 {{}, {{}}}, and so on.
All other mathematical objects such as relations, functions, lines, curves, and algebraic
structures, can be defined in terms of sets.
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MLTT organises mathematical objects into types instead of sets, such as the type N of
the natural numbers. Types collect objects of the same nature or structure together,
and there are specific ways of forming new types from existing ones. There are four
basic judgements in MLTT, the first two of which are ‘A is a type’ and ‘A and B are
equal types’.

The third basic judgement in MLTT expresses that ‘a mathematical object (or term) a is
of type A’, and is written as a : A. For instance, to express that 3 is of type N, we write
3 : N. We note that a : A differs from a € A in that the former is a judgment whereas
the latter is a proposition which can be true or false. We can think of a € A as a relation
about two pre-existing objects a and A which may or may not hold, and a : A as an
atomic statement such that we cannot talk about a term a without specifying its type.
In MLTT, we can only construct terms of a certain pre-existing type, so that the type
comes first and its terms come later.

The fourth basic judgement in MLTT is the judgement a =4 b for the terms a,b : A,
expressing that ‘a and b are definitionally equal’ (the subscript 4 is sometimes elided).
MLTT also admits a different kind of equality called propositional equality, which
is a particular type constructor that relates two terms of the same type. Definitional
equality is the stronger kind of equality as it is a judgment (i.e. a statement in the
metatheory of the language), while propositional equality is treated like any other type
in type theory. To clarify this distinction, we provide an example. When defining a
function f: N — N by f(x) = x + 5, that f(2) and 7 are equal is definitional—it is
simply a matter of expanding out a definition. On the other hand, that x + 5 is equal
to 5 + x does not follow directly from any definitions but is a proposition that can be
proved, and is hence a propositional equality.

The last difference between the theories we will mention here is that contrary to
set theory, MLTT is its own deductive system. Set theoretic foundations consist of
two levels: the deductive system of first-order logic, together with the axioms of a
particular theory, such as ZFC. Therefore, the proofs exist within first-order logic, which
is a separate universe to that of the mathematical objects they talk about. However,
MLTT encodes both proofs and mathematical objects in a single language. Notions
like negation, conjunction, and disjunction can be encoded as types themselves within
MLTT.

0.2.2 Propositions as types

How do we encode concepts from predicate logic, such as negation and conjunction,
within MLTT? Due to the inuitionistic nature of MLTT, in MLTT we do not think of
truth, but rather of evidence. Instead of saying that a proposition P holds or is true,
we say that we have evidence for P. We associate P to a type and then construct an
element of this type as a witness. Hence, the typing judgment a : A can be read both as
‘a is an element (or term) of type A’, and as ‘a is a witness (or proof) of the proposition
A

This notion is known as the Curry—Howard correspondence or propositions—as—types.
The basic idea is that derivations in natural deduction, or proofs, and terms in lambda
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calculus, or computations, are essentially equivalent. Proofs correspond to programs,
and the statement a proof is proving is the type of the program. Hence types play the
role of propositions, and terms of a type A are proofs of the proposition A. We combine
this with the Brouwer-Heyting-Kolmogorov (BHK) interpretation of logical operators
in intuitionistic logic. This gives us that the meaning of a proposition A is a proof, or
evidence, for A, and this proof can be expressed in terms of proofs of the sub-parts of
A, if there are any [Tro91]. The way to provide evidence for a given proposition is then
shown below for types A and B and property P.

Logic Type Theory

A = B A— B

ANB AXB

AV B A+B

A & B (A—> B)X(B— A)
True T

False 1

-A A—> 1

Vx : A.P(x) IT,.4P(x)

dx : A.P(x) YxAP(x)

Table 0.2.1: Logic connectives and their type theoretic equivalents.

Evidence for A = B is a function which transforms evidence for A to evidence for B.
To provide evidence for A A B we provide a pair, with the first element being evidence
for A and the second element being evidence for B. Evidence for A V B consists of either
evidence for A or evidence for B, i.e. the sum, or disjoint union, of A and B. A & B
follows similarly to A = B but in both directions. True is represented by the type
with one element T, and false is represented by the empty type L. Evidence for A
is a function which takes evidence for A and inhabits the empty type, i.e. leads to a
contradiction. For the translation of the quantifiers V (for all) and 3 (exists), we require
dependent types. MLTT differs from other type theories which also follow the Curry-
Howard correspondence, by extending this correspondence to predicate logic using
dependent types. To provide evidence for Vx : A.P(x), we use the dependent function
type which assigns to any element x of A evidence for P(x). To provide evidence for
dx : A.P(x), we use the dependent pair type which specifies a particular element x of
A and provides evidence for P(x).

0.2.3 Equality in type theory

We already mentioned that MLTT admits both definitional and propositional equalities.
Different treatments of these equalities give rise to different type theories, and therefore
different variants of MLTT.

In an intensional type theory, propositional equality, denoted interchangeably by Id
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and =, is simply an inductive type family:

data Id {A: Type}: A — A — Type where
refl: (a: A) > ldaa

Its induction principle roughly states that if we can show that a property P: I[dxy —
Type holds for the reflexivity case, then we can prove that P p holds for any equality
p : Id x y — this is known as the J-rule, or path induction.’

J:{A:Type} (P:(xy:A) —Idxy— Type) = ((x: A) — P x x (refl x)) —
(xy:A)(@:ldxy) > Pxyp

Having an intensional equality in practice is quite restrictive, since it becomes unclear
how to talk about observational equality. For example, function extensionality becomes
unprovable, so that even if we know that two functions behave in exactly the same
way and are indistinguishable, we still cannot prove them to be equal because they
might not have been constructed in the same way. One can always introduce function
extensionality as an axiom, but this then introduces other problems like breaking
canonicity.

An extensional type theory extends intensional type theory with a reflection rule
that essentially forces propositional equality back into definitional equality:

F'rp:ldxy
F'rx=y

While it is convenient to work with, extensional type theory does not have decidable
type-checking [Hof95], and it implies that all types are h-sets. In extensional type
theories, uniqueness of identity proofs (UIP) holds. UIP for a type A states that for
any two elements a, a’ of A, any two equalities of a and a’ are equal:

UIPA:H 1_[ ldpg.

aa"Apqldaa
This disallows us from talking about types with equalities higher than h-props.

Homotopy type theory (HoTT) is a relatively new field of study which proposes a
different view of equality. In this view, types are regarded as topological spaces and
the identity type Id on two terms becomes the type of paths between two objects in
the space. HoTT postulates Voevodsky’s univalence axiom, which roughly states that
isomorphic structures are (propositionally) equal. Inductive types in HoTT are called
higher inductive types (HITs) as they not only allow the constructors to produce
points of the type being defined, but also elements of its identity type, i.e. equalities.

IThere is an equivalent formulation of path induction which is sometimes more convenient to use,
known as based path induction [Pau93], which starts by fixing an a : A, as follows.
J:{A:Type} (a: A) (P:(y: A) — 1d ay — Type) — (P a (refl a)) —
(y:A)(p:lday) = Pyp
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While HoTT extends ‘vanilla’ MLTT with the univalence axiom and HITs, cubical
type theory gives HoT T computational meaning; in particular, it makes the univalence
axiom computable. It does so by replacing Martin-Lo6f’s identity type with maps out of
the interval (pre-)type.

0.2.4 The proof assistant Agda

A lot of the content in this thesis is supported by formalisations carried out in Agda
or Cubical Agda, and throughout the thesis we will use codewords, examples, and
code snippets written in (Cubical) Agda’s syntax. Agda [Agd25c] is a dependently-
typed programming language and proof assistant implementing a version of intensional
Martin-Lof type theory. Being based on the propositions as types paradigm, if we
represent a proposition as a type, and an element (or term) of this type as a program,
then if this program type checks, it constitutes a proof in intensional type theory that
the proposition holds. Cubical Agda extends Agda with primitives from cubical
type theory—for background on this flavour of Agda see Section 2.1.1.

Agda supports inductive data types, such as the unit type, the empty type, and the
natural numbers.

data T : Type where data L : Type where data N : Type where
tt: T zero: N
suc: N — N

It also supports record types, which allow us to store named fields in the type, such as
the X-type and the (coinductive) type of streams.

record X (A : Type) (B: A — Type) : Type where
constructor _,_
field
fst: A
snd : Bfst

record Stream (A : Type) : Type where
coinductive

field
hd: A
tl: Stream A

Agda supports pattern matching on inductive types, and dually supports copattern
matching on record and coinductive types. When defining a function whose domain
is an inductive type, Agda allows us to pattern match on arguments of that type, i.e.
generate separate clauses for each possible way that argument can be constructed.
Dually, when defining a function whose codomain is a record or coinductive type,
Agda allows us to copattern match on the function’s result, i.e. separate the different
projections of the result into clauses. Below, isEven uses pattern matching, while from
uses copattern matching.
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isEven : N — Type from : N — Stream N
isEven zero = T hd (from n) = n
isEven (suc zero) = L tl (from n) = from (suc n)

isEven (suc (suc n)) = isEven n

Agda’s built-in propositional equality type is (a variant of) the inductive type family
Id shown in Section 0.2.3 [Agd25b]. Agda uses the syntax (a : A) — B a rather than
I1,.4B a; we will use both notations interchangeably throughout the thesis, but will
prefer the latter when not writing Agda code. The syntax {a : A} — B ais also
available in Agda, and denotes the same construction but with a being an implicit
argument.

0.3 Overview of Inductive Types

An inductive type is a type given by a list of constructors, each specifying a way to
form an element of the type. Defining types inductively is a central idea in Martin-Lof
type theory (MLTT).

Simple types (a.k.a. Ordinary types) [Mar72]

Types with zero or more constructors, each of which can be non-recursive or recursive.
Some examples are:

+ The unit type having one (non-recursive) constructor tt.

data T : Type where
tt: T

+ The type of natural numbers a la Peano, specifying that 0 is a natural number,
and that if n is a natural number, then so is its successor suc n.

data N : Type where
zero: N
suc: N — N

« The type of binary trees storing data in the leaves. Note that this type has a
parameter A (placed before the colon) of the type of data to be stored in the tree.

data Tree (A : Type) : Type where
leaf : A — Tree A
node : Tree A — Tree A — Tree A

Dependent types (a.k.a. Inductive families a.k.a. Indexed inductive
types) [AM09; AGH+15]

Types that depend on a value from an input. Some examples are:
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« The type of vectors of length n : N having elements of type A. Here, A is
a parameter whereas N is an index (placed after the colon). Vec A defines a
collection of types, as it encapsulates the definitions of the types Vec A zero,
Vec A (suc zero), Vec A (suc (suc zero)), and so on, as opposed to a single type.
Note how the target type of the constructors is different.

data Vec (A : Type) : N — Type where
[]: Vec A zero
o {n:N} (a: A) (xs: Vec A n) — Vec A (suc n)

« The type of finite sets of length n. For an n > 0, Fin n is isomorphic to the type
having elements {0,1,---,n — 1}.

data Fin : N — Type where
fz: {n: N} — Fin (suc n)
fs: {n: N} — Fin n — Fin (suc n)

Mutual inductive types

Types with more than one sort, where the constructors of one sort can make use of the
other sort. Mutual inductive types can be rewritten as simple types. An example is the
mutual definition of even and odd numbers. The two sorts are even and odd. Note how
odd appears in the definition of a constructor of even.

data even : Type
data odd : Type

data even where
e-zero : even
e-suc : odd — even

data odd where
o-suc : even — odd

Inductive-inductive types (II'Ts) [Nor13]

Types with more than one sort, of type A : Type, B: A — Type, where the constructors
of B may refer to those of A and crucially, the constructors of A may refer to those of
B. (In general, IITs can have more than two sorts, but these have been shown to be
reducible to IITs with only two sorts [Xie19].) An example is the type of contexts and
types defined within that context. This is part of the syntax of type theory.

data Con : Type
data Ty : Con — Type

data Con where
o : Con
-:(:Con) > Ty — Con
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data Ty where
1:(T':Con) > TyT
og:(T:Con)(A:TyT) >Ty(T,A) —»TyTl

Quotient Inductive types (QITs) [AK16]

Types having not only point constructors as we have seen so far, but also path construc-
tors of equalities on the type. These types are also explicitly set-truncated (hence the
word quotient), so that their path constructors are only first-order equalities, and any
higher order equalities are trivial. An example is the type of permutable trees, which
are N-branching trees modulo permutations of subtrees. (Note that we do not have a
set-truncation constructor, but a set-truncation is implicitly included in the statement
PermTree : Set, ensuring that PermTree is an h-set.)

data PermTree : Set where
leaf : PermTree
node : (N — PermTree) — PermTree
perm: (f : N — PermTree) (g: N — N) — islso g — node f = node (f o g)

Quotient Inductive-Inductive Types (QIITs) [ACD+18]

Types that combine the last two classes together, i.e. set-truncated types that allow
induction-induction as well as path constructors. An example is the same Con Ty
example given for IITs, except that Con and Ty I' are now set-truncated, and we rewrite
Con as shown below. Now Con= Ty uses both induction-induction and (first-order)
path constructors.

data Con= where
o: Con=
-:(l':Con=) > Ty ' = Con=
eq:(l':Conz)(A:TyI)(B:Ty(l',A) = (I',A),B)=(I,0AB)

Higher inductive types (HITs) [Uni13, Chapter 6]

Types that allow point constructors and path constructors up to any level of equality, i.e.
allowing higher order equalities. QITs can be considered degenerate HITs. An example
is the type of the circle defined as a HIT. Note how the last constructor constructs an
equality (or path). The points on the circle are represented by the different proofs of
base = base, such as loop, loop o loop, loop™ o loop o loop, etc.

data S! : Type where
base : S!

loop : base = base
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0.4 Category Theory Preliminaries

Categories

What we call a category is called a precategory in the HoTT book [Uni13].

Definition 0.4.1. A category C consists of the following:

A type |C| of objects.
For any objects x,y : |C|, an h-set of morphisms C(x, y). An element f of this

h-set will sometimes be denoted by f: x — y or x L y.
For any object x : |C|, an identity morphism id, : C(x, x).
For any objects x, y, z : |C|, a composition operator

o C(y,2) - Cx,y) — C(x,2).

For any objects x, y : |C| and morphism f : C(x, y), the equalities
idl: idyof = f
idr: foid, = f.

h
For any objects w, x, y, z : |C| and morphisms w EN xS y — z, the equality

assoc: ho(gof)=(hog)of. %

Powers and copowers

Every category C having all products is powered over Set. This means that we have an
C C

operator n_ which, for every I : Set and X : |Q|, gives an object l_L_IX : |Q|, called

the power of X by I, corresponding to the |I|-fold product of X with itself, where |1| is

the cardinality of I.

Dually, every category having all coproducts is copowered over Set. We have an
C C

operator Z_ which, for every I : Set and X : |Q| gives an object ZZ_IX : |Q|, called

the copower of X by I, corresponding to the |I|-fold coproduct of X with itself, where

|| is the cardinality of I.

We will make use of dependent versions of the power and copower operators, i.e. for
I:Setand X: I — |Q| we have

[ [exi:[c|

il

PRCOR !

il

which correspond to the |I|-fold product and coproduct of X respectively, but now X
dependsoni : I.
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Category of elements

Given a functor F: C — Set, the category of elements denoted by [ F, is defined as
follows.

« Objects are pairs of type ((c : |C|), Fc).
« Morphisms (c, F;) — (d, Fy) are pairs (u, f) whereu: ¢ — dand f: (Fu) F, = F,.

Ends

In order to make precise some notation used in the thesis, we need to define ends.
We start off by defining profunctors, which can be thought of as bifunctors that are
contravariant on the first argument and covariant on the second.

Definition 0.4.2. Given a category C, a profunctor’ F: C°? X C — Set is defined as
follows:

« Given objects ¢, d in C, F maps them to an object F(c, d) in Set.
+ Given morphisms f: ¢ — ¢’ and g: d — d’ in C, F maps them to a morphism
F(f,9): F(c’,d) — F(c,d’) in Set.

The functor laws for identity and composition are stated as F(id, idg) = idF(.q), and

fore; 55 ey S csandds B dy B dy, F((go 9).(f o f) = Flg.f) o F(g. f)
respectively. O

An end is a generalisation of a limit of a functor. Similarly to how a limit of a functor is
a universal cone, an end of a profunctor is a universal wedge.

Definition 0.4.3. Given a profunctor F: C°? X C — Set, a wedge on F is an object
X : Set and a family of morphisms y.: X — F(c,c) for each ¢ in C, such that for any
morphism f: ¢ — ¢/, the below diagram commutes.

X
Xe Xe!
F(c.c) / \F (c',¢) 0

Fidc‘f\) Ac’
)

F(c, ¢

Definition 0.4.4. Given a profunctor F: C°? X C — Set, an end of F is a universal
wedge on F, i.e. an object E and a family of morphisms €.: E — F(c, ¢), such that any
other wedge X and y.: X — F(c,c) factors through E via a unique map h as shown

2We define a special case of profunctors here, namely the ones in terms of just one category as
opposed to two.
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below.
X
|
h
Xe \l’ Xc!
E
/ \ X
F(c,c) F(c,c')
F@.‘x A c/

F(c,c)

Example 0.4.5. If C is a locally small category (i.e. all of its homsets are small sets),
then we can define the profunctor

Homc(—,—): C? X C — Set
Homc(c, ') : Set
Homc(c,¢’) = C(c,¢)
Homc(c L c, a2 d"): Homc(c’,d) — Homc(c,d’)

Homg(ci)c',di) d)Yh:=gohof

Now consider functors F,G: C — D. We can define the functor Trfr of transforma-
tions F — G as below.

Trfrg: CP X C — Set
Trfpc(c,c’) : Set
Trfpg(c,¢’) =D(Fe, G ')

Trfp(c L ¢ dd &) D(FC,Gd) —» D(Fe,Gd)

Trfro(c D ¢, d 5 dVh=GgohoFf

Then note that a wedge on Trfr; is an object W : Set and a family of morphisms
Xe: W — Trfrs(c, ), such that we have

w

Trfrg(c,c) =D(Fc,Ge) Trfpg(c’,c’) =D(Fc',G ')

TrfF’G(idg,f)\) m’idc’ )

Trfrc(c, ¢’)

Now note that for hy : D(Fc,Gc) and hy : D(Fc¢/,G '),
TrfF,G(idC, f) h1 = Gf o I’ll o Fidc
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=Gfoh functoriality of F
Trfrc(f,idy) hy =Gide o hy o F f
=hyoFf functoriality of G

and by substituting y. for h; and y. for hy, the commutative diagram above gives us
that

Gfoxe=peoFf.

This is precisely the naturality condition required for a natural transformation between
F and G. So the family of morphisms y, represents a natural transformation, and its
commutative diagram is the naturality condition required.

Since a wedge of Trfr; represents a natural transformation from F to G, an end of
Trfr g represents the set of all natural transformations from F to G.

For a profunctor F, we use the notation End F = /C F(c,c). Hence, we can represent the
set of natural transformations from F to G, denoted by [C,D](F, G), as

[C,D]|(F,G) = End Trfrg = /TrfF,G(c, c) = /Q(F ¢,Gc).

C c

This integral notation will be used throughout the thesis. O

0.5 Notation

1 The empty type.
T The unit type with the singular element tt.
Finn The type of finite sets of size n, having elements fz, fs fz, ....

= Definitional equality, specifically used when first defining
something.

= Definitional equality.
=orld Propositional equality.

= Equivalence of types. In HoTT, there are several different
notions of type equivalence, which however are all equivalent
and can be used interchangeably. When we are working with
h-sets, the notion of equivalence boils down to isomorphism.

J The elimination principle for Martin-Lof’s identity type.

Set The universe of homotopy-sets (h-sets), or 0-types, i.e. the
universe of types X such that for any two elements x,y : X, if

p,q:x =ythenp =gq.
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A+ B

Za:ABa ;
Y(a:A)(Ba)

Ha:ABa 5
[1(a:A)(Ba)

Fx L)

apr p

a=b

The category whose objects are (small) h-sets and whose mor-
phisms are functions.

The n-ary product category of Set.

The category of endofunctors on C whose morphisms are nat-
ural transformations.

The type of objects of the category C.

The type of products of types A, B : Type, with elements (a, b)
where a : A and b : B. The first and second projections out of
this type are 7;: AXB — Aand 7,: AXB — B.

The type of functions from A : Type to B : Type, with elements
Ax — fxfor f: A— B.

The sum type of A, B : Type, with elements inla for a : A and
inrb for b : B.

The dependent pair type where A : Type and B: A — Type,
with elements (a, b) where a: Aand b : Ba.

The dependent function type where A : Type and B: A —
Type, with elements Ax — fx for f: A — B.

The morphism map of the functor F acting on morphism
f: X — Y, used to clearly show the domain and codomain of

f.

For A,B : Type,f: A — B, elements a,a’ : A, and a proof
p:a=d, thenap, p hastype fa= fa'

A dependent path from a to b over some path p. This is usually

followed by a yellow box specifying p. In the HoTT book
[Uni13], this is denoted by transport (p, a) = b.



CHAPTER 1

A Survey of Containers

The theory of containers [AAG03; AAG04; AAGO5; Abb03; AMO09; AGH+15] was
developed to capture the concept of strictly positive data types in programming, and
to support total generic programming with data types. It has proved very useful in
providing semantics for inductive types and inductive families. Much of the original
development of containers ([AAG03; AAG04; AAGO5; Abb03]) uses a heavily categorical
language, where containers are presented as constructions in the internal language
of locally cartesian closed categories (LCCCs) with disjoint coproducts and W-types,
referred to as Martin-Lof categories, and a standard set-theoretic metatheory is used.

Throughout this thesis, we depart from the use of LCCCs and instead present containers
and their established results in type theory, in a similar style to that used in [AMO09;
AGH+15]. Since containers will be used extensively in the coming chapters, this chapter
motivates their use, defines the different kinds of containers, and includes proofs of
their closure properties, doing so in the language of type theory.

Containers are a special case of the polynomial functors studied by Gambino and
Hyland [GH04]. Specifically, polynomial functors on the LCCC of sets are equivalent to
indexed container functors, and in a special case we get (ordinary) container functors
(when the object I in [GHO04, Section 5] is the terminal object).

1.1 Overview of Containers

We start by giving an informal overview of the different kinds of containers we will
consider.

A container is a specific representation of an inductive or coinductive type, which also
has an associated signature functor representation. Semantically, an inductive type
corresponds to the initial algebra of its signature functor (and a coinductive type is the
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terminal coalgebra of the same functor), see [Unil3, Section 5.4] and [Hag87, Section
1.3]. We will also refer to initial algebras as least fixed points and terminal coalgebras as
greatest fixed points of a signature functor.

We define operators p and v to be least fixed point and greatest fixed point operators
respectively. They have different types for different kinds of containers. For example,
we can take a partial fixed point of an n-ary signature functor F: Set"*! — Set to
obtain pF, vF: Set” — Set, where uF refers to the carrier of F’s initial algebra and vF
refers to the carrier of F’s terminal coalgebra. Similarly, we can take a partial fixed point
of an indexed signature functor F: Set'*) — Set’ to obtain uF, vF: Set! — Set’. The
examples given here are signature functors whose least fixed points are the inductive

types indicated, all of which can be expressed as different kinds of containers.

The simplest kind of containers is unary containers, which represent endofunctors on
Set. One such example is the endofunctor for natural numbers N.

Fyy : Set — Set
X =T+X

n-ary containers are containers having a finite number n of parameters, which represent
functors of type Set” — Set, where Set” is the n-ary product category of Set. Unary
containers are trivially n-ary containers for n = 1. An example is the signature functor
for the List data type, parameterised by A which is the type of entries of the list.

FList : Set2 — Set
Flist (A,X) =T+AXX

Indexed containers represent functors of type Fam; — Fam;, where Fam; refers to the
category of I-indexed families of sets. These extend the previous types of containers in
order to be able to represent inductive families. One example is the signature functor
for the family Vec of vectors over some type A, where ] = T + Nand J =N.

Fyec : Set —» (N — Set) — (N — Set)
Fyec AX n = (n = zero) +Z(nE sucm) XAXXm
m:N

Generalised containers represent functors of type C — Set for an arbitrary category
C. Examples include functor representations of data type constructors. For instance,
consider the successor constructor for Fin.

fs: {n: N} — Fin n — Fin (suc n)

Following [ACD+18], we can represent this constructor via two functors, one encod-
ing the constructor’s arguments (which we can call F;), and another encoding the
constructor’s target type. The former can be represented as below.

Fr : (N — Set) — Set
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Fi X = Z(X n)
n:N

Below is a table of which closure properties hold for the different kinds of containers
introduced above. The symbol v indicates that the property holds, % indicates that
the property holds under extra conditions, and N/A indicates that in their current
formulation, this property does not even make sense to state. A theorem or equation
number indicates that a proof or statement can be found in this thesis, while a citation
directs the reader to a proof elsewhere, and having neither means the result follows
almost identically to a simpler counterpart.

unary n-ary indexed generalised

products v Thm. 1.3.13 v v Eqn. 1.4.6 % Thm. 1.5.5

coproducts v Thm. 1.3.13 v v Eqn. 1.4.7 v Thm. 1.5.4
composition | v Eqn. 1.3.16 v Thm. 1.3.15 v [AGH+15] N/A
exponentiation | v/ Thm. 1.3.19 v Eqn. 1.3.23 v Thm. 1.4.8 N/A
fixed points N/A! v Thms. 2.3.1 and 2.3.4 | v/ [AM09; AGH+15] N/A!

! In the unary and generalised cases, we cannot iterate the process of taking fixed points.

1.2 Strictly Positive Types

Containers are used to express strict positivity semantically. Strict positivity is a
condition we impose on inductive and coinductive definitions, in order to be able to
properly express their induction principle without leading to inconsistencies in our
theory (see [Unil3, Section 5.6]). It is roughly the restriction whereby the constructors
of X are only allowed to have X appear in input types that are arrows, if it appears
on their right. This disallows us from defining types like Contra below, where Contra
appears on the left of an arrow.

data Contra : Set where
¢ : ((Contra — Bool) — Bool) — Contra

On the other hand, we are allowed to define types like InfTree, the type of trees that are
infinitely wide (note that Inf Tree appears on the right of the input arrow (N — InfTree)
of node).

data InfTree : Set where
leaf : InfTree
node : (N — InfTree) — InfTree

One practical reason why types that are not strictly positive are problematic is shown
in [Uni13, Section 5.6]. If we accept Contra as a valid inductive type, then assuming
classical logic leads to a Cantorian-style paradox.

A syntactic approach to strict positivity was taken by [AA00], where a set of rules
detailing when a type is strictly positive is presented. In contrast, containers provide a
categorical semantics for strict positivity.
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The idea behind the basic definition of a container arises from the W-type, first presented
by Martin-Lof [Mar82; Mar84]. W is the type of well-founded, labelled trees. A tree of
type W can be infinitely branching, but every path in the tree is finite. W takes two
parameters S : Set and P: S — Set. We think of S as the type of shapes of the tree, and
for a given shape s : S, the tree has (P s)-many positions.

data W (S: Set) (P : S — Set) : Set where
sup-W:(s:S) > (Ps—>WSP)—-WSP

The key property of W is that it is the universal type for strictly positive inductive
types, i.e. any strictly positive type can be expressed using W.

Example 1.2.1. We encode the type of natural numbers N by defining S and P as below.

S=T+T
P(inl))=1
P(inr))=T

S encodes the possible constructors we can choose (inl is for zero, inr is for succ), and P
encodes the number of subtrees (or recursive arguments) each choice of S has. Thus
W S P encodes N. The constructors zero and succ are encoded as zz and ss respectively.

zz:WSP
zz = sup-W (inl tt) (4 ()

ss:WSP—->WSP
ss n=sup-W (inr tt) (A _ — n)

The type N can be viewed as the type of well-founded trees whose nodes are labelled
by an s : S and which have P s-many subtrees.

N
/

[ ] T

\n
N

For example, the natural numbers zero and succ zero are represented by the trees below
respectively.

inrtt
inl tt

™~
e -

inl tt O

The takeaway from the above example is that the parameters S and P specify the type
N entirely. Any strictly positive data type can be fully represented by a set of ‘shapes’
S and a family of ‘positions’ P over those shapes, at which data can be stored. This is
precisely what inspires the definition of a container.
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1.3 Unary and n-ary Containers

Definition 1.3.1. A (unary) container is given by a pair of types S : Setand P : S — Set,
which we write as S < P. O

In practice, many data types are parameterised by one or more types. For example,
List (A : Set) : Set and Vec (A : Set): N — Set are both parameterised by the type A
of data to be stored in them. In order to be able to reason about such parameterised
data types, as well as to construct fixed points of containers, we will need containers
having n parameters, or n-ary containers.

Definition 1.3.2. An n-ary container is given by a pair S : Setand P : Finn — S — Set,
which we write as S <« P. O

Example 1.3.3. The signature functor for N from Section 1.1, Fy, has a container
representation as follows. Precisely, we mean that Fy is equivalent to the functor
interpretation of the below container.

inltt - L

inrtt > T

T+T<A{

The shape T + T represents a choice between having a zero or suc. If the shape is inl tt,
this represents having zero, so the type of positions is L as there is no more data to
supply. If the shape is inr tt this represents having a successor, so the type of positions
is T since there is one position for a recursive argument: the predecessor. O

Example 1.3.4. Given an h-set A, the (unary) container representation of List A : Set
is given by N < Fin. (The precise meaning of this is that [N <« Fin] A = uX.F (A, X),
see Example 1.3.8.) The shape of a list is a natural number n representing its length,
and there are n-many positions for data to be stored in a list, represented by Fin n, the
type of finite sets of size n. O

To every (unary) container S < P we associate a functor which maps a type X to a choice
of shape s : S, and for every position P s associated to s, a value of type X to be stored
at that position.

Definition 1.3.5. The container functor associated to a container S < P is the functor
[S<P] :Set — Set with the following actions on objects and morphisms.

+ Givenan X : Set, [S <P X = > *(Ps — X).
e Given X, Y : Set andamorphisszril f:X->Y,
[S<P]f:[S<P]X - [S<P]Y
is defined for s : Sand g: Ps — X as
[S<P]f(s.9)=(sfog). %
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Container functors are also defined for n-ary containers.

Definition 1.3.6. The container functor associated to an n-ary container S <P is the
functor [S <P]: Set" — Set with the following actions on objects and morphisms.

. GivenanX:Set”,[[S<P]]X::Z( l_[ Pis—)Xi).

s:S {i:Finn}
« Given X, Y : Set” and a morphism f: 1_[ Xi—>Yi,
{i:Finn}
[S<P]f(s.9)=(s,fog)
fors:Sandg: [ljifinn Pis — Xi. O

Above, P can be thought of as n families of families over S. We will sometimes write
Py, Py, ... instead of P iy, P iy, ... to enumerate the families over S.

Example 1.3.7. Container functors allow us to view strictly positive types simply as
memory locations in which data can be stored. The container functor associated to

€.y ¢

N < Fin allows us to represent concrete lists. The list of Chars [, ‘e’, ‘d’] is represented
as (3,(0 —» ;1 > €52 > d)): ZHZN(Finn — Char). O
Example 1.3.8. The signature functor of List from Section 1.1, F| js, defined as

Flist (A X)=T+AxX

has a binary container representation. This means we can define S, Py, and P; as shown
below, and get that
[S<(Po,P)](AX)=T+AXX.

S : Set Po: S — Set P;: S — Set
S=T+T Po (inl tt) == L Py (inl tt) = L
Po (inrtt) =T Pi (inrtt) =T

The type of shapes S reflects the fact that there are two ways to construct a list, i.e. as
either nil or cons. Py defines positions for the parameter A and P; defines positions for
the recursive argument X. Hence the container representation of F| s is

[(T+T) <« (Po,P1)].

Example 1.3.4 corresponds to taking the least fixed point of this functor with respect to
X. O

1.3.1 The category of containers

Now that we have defined containers and container functors, we can view them as
objects in two different categories, namely the category Cont of containers that we
define below, and the functor category [Set, Set]. We also show that the operation [_]
extends to a functor Cont — [Set, Set]| relating the two categories.
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Definition 1.3.9. The category of containers, which we refer to hereafter as Cont, is
defined as follows:

+ Objects are containers as defined in Definition 1.3.1, i.e. pairs S : Setand P : § —
Set, written as S < P.
+ Morphisms (S <P) — (T < Q) are pairs of shape and position morphisms:

u:S—->T
f: HQ(us)—>Ps
s:S

written as u < f. For a container morphism «, we write a5 for the shape component
and a;, for the position component.

< h<i
« Composition of morphisms S <« P & T <«Q — U <V is defined as follows:
(h<i)o(f<g): S<P > U<V

(h<i)o(fag)s:S—U
((h<i)o(f<g)s=hof

((hai)o(fag)p: | [V (Rof(s)) = Ps
s:S
((h<i)o(fag)psr=gs(i(fs)r).

+ The identity morphism ids.p: S <P — S < P is defined as follows:

idg: S— S
idg s =5
id,: HP(ids s) — Ps
s:S
id, sp =p.

Associativity of composition and the left and right identity laws hold by definition. ¢

More generally, we can define the category of n-ary containers Cont,, the only differ-
ence being that now P and Q above have an extra parameter i : Fin n.

Note how a morphism between containers is a function on shapes, together with a
function that assigns to every target position a source position. This definition is
motivated by the fact that we can always pinpoint the source of a given target position,
but not necessarily the reverse.

Example 1.3.10. The tail function on lists, defined as follows
tail : List A — List A
tail [] =[]

tail (x = xs) = xs
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can be represented as a container morphism from the list container N < Fin to itself, by
defining the following.

u-Ist : N - N
u-Ist zero = zero
u-Ist (suc n) = n

f-Ist : (n: N) — Fin (u-Ist n) — Fin n
f-Ist zeror=r
f-Ist (sucn) r="1sr

The interesting case is when the length n # 0, as the tail of the empty list is the empty
list. u-Ist represents the length of a list decreasing by 1 when taking its tail, while f-Ist
represents the index of a specific entry increasing by one when going from the tail
to the original list. In this example, we would not have been able to assign a target
position to every source position — the head of the list has no target position. O

We are now interested in relating a container S<P in Cont to its functorial interpretation
[S < P]. We do this by defining the container extension functor [_].

Definition 1.3.11. The container extension functor [_]: Cont — [Set, Set] is defined
as follows:

« Given an object S < P in Cont, this is mapped to its container functor [S < P] as
defined in Definition 1.3.5.

« Given a morphism (u < f): (S <P) — (T <Q) in Cont, this is mapped to the
natural transformation [u < f]: [S <«P] — [T < Q] with components

[u<flx: [S<P]X - [T<Q] X
[u<flx (s,h) = (us,ho(fs))

for any X : Set,s: S,and h: Ps — X. O

More generally, we can also define the functor [_]: Cont, — [Set”, Set], which sends
n-ary containers to their corresponding n-ary container functors.

Our motivation for containers was to provide a semantic representation for strictly
positive functors. The natural next step is to think about mappings between these
functors, which are natural transformations as defined in Definition 1.3.11. The cor-
responding notion for containers is container morphisms as seen in Definition 1.3.9.
It turns out that there is a bijective correspondence between natural transformations
on container functors and container morphisms. Since natural transformations on
container functors are simply polymorphic functions between strictly positive types,
this gives us that every such function is uniquely represented as a container morphism.
This correspondence is expressed by the fact that the container extension functor [_] is
full and faithful.

Theorem 1.3.12. The functor [_]: Cont — |[Set, Set] is full and faithful.
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Proof. We need to show that the morphism part of [_] is a bijection, i.e. that for any
S<Pand T <Q : |Cont|,

[]: Cont(S <P, T <Q) — [Set,Set]([S <« P], [T <Q])

between homsets is a bijection. We construct an isomorphism between these homsets
as follows.

[Set, Set] ([ < P], [T < O])
:/ ([S<P]X — [T<Q] X)
X:Set

= / Z(P s> X) - [T<Q]X expanding definition of [S <« P]| X
X:Set "5

[l

/ H(Ps — X) - [T<Q]X currying in Set:
X:Set

S M(SAB)C =TI A(IIBC)
= / (Ps > X) - [T<Q]X f and II commute
5.5 ¢ X:Set
=[] [T<Q] (Ps) covariant Yoneda lemma:
s:S for F: C — Set, A : |C|,
S (C(AX),FX) = FA
= Z(Q t - Ps) expanding definition of [T <« Q] X
s:S T
=~ Z (1—[ Q(us) > P s) distributivity of IT over X:
u: S—»T s:S Ha:AZb:Bacab =
Z(f Ha:A B a)(Ha:A Ca (f a))
=Cont(S<P,T<Q) definition of container mor-
phism O

As seen in Example 1.3.10, a function on lists (that is polymorphic on the type of data A
to be stored in the list) is a pair of functions u: N — N and f: HHN Fin (un) — Finn.
The function u takes the old list length to the new length, and f assigns to every entry
in the new list its position in the old list. Theorem 1.3.12 shows that any polymorphic
function between any two strictly positive inductive types can be expressed in this
form, i.e. as a map between shapes and positions of the respective inductive types. This
makes container morphisms a canonical way of representing polymorphic functions.

Another point to note is that the above isomorphism goes from something which lives
in [Set, Set] that is large, to something that lives in Cont which is small. This makes
container morphisms a useful representation of polymorphic functions on strictly
positive types when we want to avoid size issues.

We now turn our attention to the categories Cont and Cont, and look at their closure
properties. Namely, we show that Cont is closed under products, coproducts, and
exponentiation. Extending the first two results to Cont, is an easy exercise, but we
show explicitly that Cont, is also closed under exponentiation. We show that we can
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partially apply n-ary containers, which we also refer to as composing n-ary containers.
n-ary containers are also closed under taking fixed points (i.e. initial algebras and
terminal coalgebras) — this is covered in detail in Chapter 2.

1.3.2 Products and coproducts

Any full and faithful functor reflects limits and colimits in its codomain [Rie16, Lemma
3.3.5]. We show that products and coproducts of objects in the image of [_] in [Set, Set]
are themselves in the image of [_]. Since [_] is full and faithful, we can reflect them
along [_] to obtain products and coproducts in Cont.

Theorem 1.3.13. Cont inherits infinite products and coproducts from [ Set, Set].

Proof. We take I to be a possibly infinite indexing set, and consider the I-ary product
and coproduct of a family of unary containers. We assume X : Set.

We start by computing the product of container functors.

n([[SMPi]]X)
= H(Z(Pis - X)

il \s:Si

definition of [_]

= Z(s : —[ S i) (H(Pi (si) — X)) distributivity of IT over ¥
i i
x Z(s: ;[Si)((;Pi(si)) —>X) uncurrying in Set
= H(s : r S i) < ZPi (s l)ﬂ X definition of [_]
il i

Next, we compute the coproduct of container functors.

Z([[Si<Pi]]X)
:Z(Z(Pis - X)

il \s:Si

= Z((i, s): Z S i) (Pis — X) associativity of X
il

definition of [_]

= [[((i, s) : Z.S i) <Pisﬂ ¢ definition of [_]
i

Reflecting along [_], we get that

l—[cont(Si<Pi) - (s:l_[Si)<ZPi(si)
il

il il
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Zcont(Si<Pi) - ((i,s) : ZSi) «Pis
i:I

il

. Cont Cont
in Cont. (Note that n and refer to the dependent power and copower

respectively — see Section 0.4.) [

The special case where we take the product and coproduct of two containers (i.e. when
I is the 2-element set) is as follows.

(S<«P)Xx(T<Q)=((s,t) : SXT)<(Ps+Qt)
Ps ifx=inls )

(S<P)+(T<Q):(x:S+T)<(Ax—>{Qt Fy e inrt

Similarly, n-ary containers are also closed under products and coproducts.

1.3.3 Composition

Given unary containers S < P and T < Q, we can compose their extension functors to
get another endofunctor on Set. This turns out to also be a container functor. More
generally, given containers F : |Cont,.;| and G : |Cont,|, we can compose their
extension functors to get a functor [F] [[G]] : Set” — Set as follows:

id,[|G F
Set” aleb, Set” x Set = Set™"! LN Set,

IR

which we denote by [F] [[G]] X = [F](X, [G]X).

Following this intuition, we compute the composition of container functors and get
that this is itself a container functor, thereby obtaining a definition for composition of
containers. Below is the general derivation for composing an n + 1-ary container with
an n-ary container.

We write F = (S<P, Q) where S : Set,P: Finn — S — Set,Q: S — Set,and G = (A<B)
where A : Set and B: Finn — A — Set. In general, we have the below.

[F](X.Y) = Z( [T ®is— Xi)) X (Qs — Y) (1.3.14)

s:S {i:Finn}

Theorem 1.3.15. The composition of n + 1-ary and n-ary container functors gives a
container functor.

Proof.
[S<P,Q] [[A<B]] X

= (Pis — Xi)) x (Qs — [A<B]X) [F][[G]] X =
szsl((l;l ) ) [FIX [G6]X),
and Equa-
tion 1.3.14
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- Z((H(Pis = Xi)) x (Qs = Z(H(Bia = Xi)))) definition of []

s:5 {i} aA  {i}
= ((H(Pls — Xz))
o distributivity of II
( Z (l—[ H(Bi(fCI)_’Xi)))) over %
f:Qs—>A qQs {i}
= Z(Z(f Qs— A))(H(Pis + Z(Bl(fq))) — Xi) commutativity
5:S {i} q:0's of X and
(A - O) x
(B = C) =
(A+B) - C
HZ(f Os — A) < ()L{z} ~Pis+ y (Bi (fq)))ﬂ definition of [ ]
q:Qs
=[(§<P,Q) [(A<B)]]X O

This computation gives us a definition of composition of containers — [—] : Cont,,; X
Cont, — Cont, as

(S<P,Q) [A<B] :(Z(f Qs = A) < (Mi} - Pis+ Y (Bi(f9))),
q:Qs

and hence the above proves that [F] [[G]]| = [F [G]].

If we consider the special case where n = 1 and P _s = T, it follows that the composition
of two unary containers S <Q and A < B is

($<Q)o (A<B)—Z(f Qs— A) <> B(fq) (13.16)
q:Qs

Example 1.3.17. We already mentioned that the container representation of the List T
type is N <« Fin. We can now use the above to calculate the container representation of
the List (List T) type. Using Equation 1.3.16 with S, A =N, and Q, B = Fin, we get that

the container is
Z(f Finn — N) < " (Fin (f g)).

q:Finn

The shape of a List (List T) is the length of the outer list n and the lengths of the inner
lists given by f. For each inner list g, the positions assign as many elements for that

list as dictated by f. O

1.3.4 Exponentiation

The category Cont is closed under exponentiation. This, along with closure under
products and having the terminal object (T < L), makes Cont Cartesian closed.
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Firstly, for endofunctors F, G: Set — Set, if their exponential GF exists then it must be
of the following form. Assume A : Set.

G"(A)

= / (A — X) - GF'X) covariant Yoneda lemma
X:Set

= / (A— X)X F(X) > G(X) exponential’s universal property:
X:Set H—G'=HxXxF—G

=~ / (A—> X) » F(X) > G(X) currying in Set (1.3.18)
X:Set

In the case when F and G are container functors, we get that their exponential is also a
container functor.

Theorem 1.3.19. The exponentiation of unary container functors is itself a unary container
functor.

Proof. Consider the case when F above is a (unary) container functor [S < P].

G[[S<Pﬂ (A)

= / (A—> X) > [S<P]X - G(X) calculation above of exponential
X:Set

= /(Z(Ps — X)) — (A —> X) > G(X) definition of [_] & commutativity of
XS inputs

= /(H(PS%X) - (A—>X) —>G(X)) currying in Set
X Vs

=[] /(Ps—>X)><(A—>X) — G(X) Hand/commute
55 X

g—'/(A+Ps—>X)—>G(X) Xo>Z)x(Y—>2Z)=(X+Y >
s:s X Z)

=] G(A+Ps) covariant Yoneda lemma
s:S

(1.3.20)

If G is a container functor, then since container functors are closed under products,
coproducts, and composition, [],.s(G(— + Ps)) is also a container functor. O

Spelling out the construction when G = [T < Q], we get the below. Assume A : Set.

[T < Q] (a)

= l_[[[T<Q]] (A+Ps) Equation 1.3.20
s:S

= 1_[[[T<Q]]([[(l : T+ Ps)<(l=inlth)]A) X+Ps=[(l: T+Ps)<
5 (I=inlt)] X
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EHH(Z(f:Qt—>T+Ps))<(Z(quinltt))HA composition of con-

s:S T g0t tainer functors
E[[(f HZ(Qt — T+Ps))
s:S T
< (Z Z (m2(fs)) g = inl tt)]]A product of container
58 q:0 (m1(f's)) functors

By reflection along [_], we get that Cont is closed under exponentials:
(T<Q)) = (f 1>t -7 +Ps)) < (Z > (m(fs)g=inl tt),
s:$ T 5 q:Q (m(fs))
thereby making Cont Cartesian closed.
The category Cont, is also closed under exponentials.
Theorem 1.3.21. The exponentiation of n-ary container functors is itself an n-ary con-

tainer functor.

Proof. 1t is easy to check that the equivalent of Equation 1.3.20 for n-ary containers,
where G: Set” — Set and A : Set”, is

GIPl(A) = H G(A +, Ps),
s:S

where +, is the coproduct in Set”, defined pointwise.'

The calculation of [T < Q] [5<P] follows similarly as the unary calculation, except that
we will need the below to rewrite a function into a coproduct.

C—>A+B
=C — Z ((x =inltt) - A)

x:T+B

= Z (n((f (c) =inltt) — A)) distributivity of IT over X

f:C—>T+B cC
(1.3.22)

Then the exponential of n-ary container functors is calculated as follows.
[T Q")

[ [[T<Q] (A+,Ps)

s:S

_ T(Z( [1 Qit—ai+pis))

s:S T {i:Finn}

T(Z(ﬂ Z ( n (fg=inltt) — Ai))) Equation 1.3.22

s tT {i} f: Qit—>T+Pis qQit

IR

[l

"While P: Finn — S — Set, we will abuse notation and write P s instead of 1i — Pis.
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~ ( (Z(f:l_[QitaT+Pis)

s:S T {i} distributivity of
(1_[ n(f{i}qzinlﬁ)eAi))) [Tover 2
{i} ¢Qit
= l_”[ ( f: ﬂQit—) T+Pis)<1/'l{i} — l_[ flitq= inltt]]A
sS & (i} ¢Qit
= [12([Teit»T+Pis)<aty =, 3 (m(f){rg=inu]a
s 6T (1) S 4Qim(fs)
0

By reflecting along [_] we get the exponential for n-ary containers.

(T<Q)(S"P)~(f HZ( [1 ta—>T+st))

t:T {i:Finn}

()L{i} S>3 () (irg=inl tt) (1.3.23)
55 qQi(m(f5)

1.4 Indexed Containers

While unary containers represent strictly positive endofunctors Set — Set and n-ary
containers represent strictly positive functors Set” — Set, indexed containers represent
strictly positive functors over indexed sets, Fam; — Fam . Indexed containers provide
categorical semantics for indexed types, a.k.a. inductive families.

Definition 1.4.1. An indexed container with index sets I, J is given by a pair S: | — Set
and P: l_[‘]Sj—>I—>Set,Whichwewrite as S <* P. O
Jj:

Definition 1.4.2. Given I : Set, the category Famy is defined as follows:?

+ Objects are [-indexed families of sets, i.e. they have type I — Set.
« Morphisms X —* Y are I-indexed families of functions, i.e. they have type

]—[,IXi Y

L

« The identity morphism id*: X —* X is defined as id* i x = x.

« Composition of morphisms is defined for f: X —»* Yand g: Y —»* Z as

gor f=2Ai— (gi)o(fi). O

Fam, is closed under products and coproducts, which we denote by x* and +* respec-
tively.

®A generalisation of this is the construction of a category Famc over some category C, this is
sometimes known as the free coproduct completion of C.
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Definition 1.4.3. The container functor associated to an indexed container S <* P, where

S: J — Set and P: n.]Sj — I — Set, is the functor [S <* P[|*: Fam; — Fam,,
J:

defined as follows:

« Givenan X: [ — Setand j : J, [S<* P[* X j = Z(Pjs —* X).
s:Sj

« Given X,Y: I — Set and a morphism m: X —»* Y,
[S<*P][*m: [S<*P]*X — [S<*P]*Y
is defined for j : J,s:Sj,and f: Pjs —»* X as
[S < P[*mj (s, f) = (s,mo* f). %
Similarly to unary containers, indexed containers indexed by sets I, J form a category
ICont;; and have a fully faithful functor

[.]*: ICont; ; — [Fam/, Fam;].

Example 1.4.4. The signature functor of the Fin type family, Ffin:
Frin: (N — Set) - N — Set
FrinXn = Z(n =sucm) X (T +Xm)
m:N
is expressed as an indexed container by defining

S: N — Set P:nSn—>N—>Set

n:N
Sni= %(nzsucm)+%(nEsucm) Pn(inl(m,_) k=1

Pn(inr(m, )k =k =m.

Then Fri, X n = [S <* P]|* X n. The data type Fin: N — Set then corresponds to the
least fixed point of this functor: Finn= pX.[S <* P]* X n. O

Example 1.4.5. Consider the Vec type family defined as below.

data Vec (A : Set) : N — Set where
[]: Vec A zero
i {n:N} (a: A) (xs: Vec A n) — Vec A (suc n)

Its signature functor Fye., which we have seen already in Section 1.1, is expressed as an
indexed container with corresponding functor ((NN + T) — Set) — (IN — Set) as

S: N — Set P: nSn—>(N+T)—>Set

n:N
Sni= (nszero)+mZN(”Esucm) Pn(inl.) (inl k) =1L

Pn(inl_) (inrtt) = L
Pn(inr(m, ) (inlk) =k=m
Pn(inr(m,_)) (inr tt) == T.
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The +T in the parameter I was added to account for the extra parameter A : Set. For
the definition of P, note that given an n : N, when we have inl _: Sn then it is the case
that n = zero, while when we have inr (m, _) : Sn it is the case that n = sucm. Also,
when we have inl k : N+ T, this line is related to the recursive argument X, while when
we have inr tt, this line is related to the type A.

So Fyee AXn = [S <* P]* (X, A)n, and the data type Vec: (A : Set) —» N — Set
corresponds to the least fixed point of this functor: VecAn = pX.[S<* P]* (X, A)n. O

Indexed containers are closed under products and coproducts, which are as follows in
the binary case.

(S<*P)x (T<*Q)=((s5,t): SX*T)<* (A > Pjs+*Qjt) (1.4.6)

x=inls—>Pjs

(S<*P)+(T<*Q)=(x:S+*T) <" ()Lx — { ) (1.4.7)

x=inrt—>Qjt

Additionally, they are closed under composition and fixed points (initial algebras and
terminal coalgebras) [AM09; AGH+15], as well as exponentiation, as shown below.

Theorem 1.4.8. The category ICont;; of I, J-indexed containers is Cartesian closed.

To show the above theorem, we use a slight generalisation of n-ary containers, ones
where S : Set like before, but P: I — S — Set is indexed by some type I instead of
Fin n for some n. We call these I-ary containers. Their corresponding functors are of
type Fam; — Set.

Proof of Theorem 1.4.8. ICont; ; has terminal object (A — T) <* (A.__ — 1), and we
know by [AM09; AGH+15] that ICont; ; has products. What is left to show is that it
has exponentials.

The category ICont; ; is equivalent to the category | — Cont; of functors from J : Set
viewed as a discrete category to Cont;, where Cont; is the category of I-ary containers.
Hence we can write an indexed container C : |IContL J| as C: | J — Cont[|.

We know that Cont; has exponentials by Equation 1.3.23. If X, Y are objects of type
| J — Cont[|, then we can define the exponential X¥ pointwise.

xY: J — Cont;
X' j=X()'Y
X(j)YY) is an object in Cont; and

(J > Cont))(2,X") = | | Conti(2(j), X ()"
JiJ

= | | Conts(2(j) x Y(1). X (7))
JJ

= (] - Cont))(Z XY, X). O
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1.5 Generalised Containers

We introduce a new kind of container that we call generalised containers, that represent
strictly positive functors C — Set for any category C. They have also been referred to
in the literature as familially representable functors [C]95].

I have formalised some of the statements in this section in Cubical Agda. This
code was merged into the Cubical Agda library, agda/cubical. Formalisa-
tions of the statements in this section annotated with a € can be found in the official
agda/cubical documentation (pull requestlink: github.com/agda/cubical/
pull/1129).

Definition 1.5.1 (&). A generalised container over some category C is given by a pair
S:Setand P: S — |C|, which we write as S < P. O

Definition 1.5.2 (£x). The container functor associated to a generalised container S < P
is the functor [S <. P].: C — Set with the following actions on objects and morphisms.

. Givenan X : [C|, [S ¢ P X = ZQ(PS,X).
s:S

« Given X, Y : |[C|and f: C(X,Y),

[S<c Plcf:[S<c P|lcX = [S< P]cY
[S <c Plcf (s.9) = (s.f oc g)

where s : S, g : C(Ps,X), and oc denotes composition in C. O

Similarly to the case of unary containers, we can define the category of generalised
containers GCont (), as well as the generalised container extension functor (£x)

[-]c: GCont — [C, Set].

Theorem 1.5.3 (). The functor [_].: GCont — [C, Set] is full and faithful.

Proof. The proof follows almost identically to the corresponding proof on unary con-
tainers (Theorem 1.3.12). ]

Theorem 1.5.4. Generalised containers are closed under coproducts.

Proof. Fix a category C. We show that coproducts of objects in the image of [_]. are
themselves in the image of [_]lc. We can then reflect them along the fully-faithful functor
[-]c to get coproducts in GCont.

We calculate the I-ary coproduct of generalised container functors for some I : Set.


https://github.com/agda/cubical/pull/1129
https://github.com/agda/cubical/pull/1129
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Z([[Sz< PicX)
_Z(ZC(Pis,X)

s:Si

definition of [_]¢

~ Z((i,s) : ZSi)(Q(Pis,X)) S(a:A)(3(b:Ba)(Cab)) = S(SAB)C
i:I

[[( i,s): ;Si) <9Pis]LX definition of [_]c O

Theorem 1.5.5. If the category C has (infinite) coproducts, then generalised containers
over C are closed under (infinite) products.

Proof. Assuming C has coproducts, we show that products of objects in the image of
[-]c are themselves in the image of [_].. We can then reflect them along the fully-faithful
functor [_]. to get products in GCont.

We calculate the I-ary product of generalised container functors for some I : Set.

[ ]s1 Pilex)

] MZZI

ZC(st X)

s:Si

( definition of [_].
(f —I S i) (l—l C(Pi(f i),X)) distributivity of IT over %
i i

IR

K’S

\l S i) (Q (Z Pi(fi),X )) universal property of coproducts in
i1 i:] C

- [[(f K i) < Y (Pi(f i))ﬂCX definition of [ ], 0
i1 <

Theorem 1.5.6. Indexed containers are a special case of generalised containers.

Proof. We start by noting that (I — Set) — (J — Set) = (J X (I — Set)) — Set,
where I — Set is the type of objects of Fam;. Then we define the category D, where

« objects are pairs (j, A) : ] X (I — Set)
» morphisms exist only between pairs whose first elements agree: (j, A) —p (k, B)
requires a proof that j = k and a map of type H.IAi — Bi.
L

There is an equivalence of categories between Fam; and D. Given an indexed container
S <* P, where

S: J] — Set
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P: nSj—>I—>Set
J:J

we define a generalised container over D as
S:= Sj
JiJ
P(j,s)=(Pjs).

Now we show that [S <* P]* and [S <, P], agree on objects and on morphisms, up to
the equivalence of categories.

Firstly, we show that the functors agree on objects: for A: I — Set and j : J, we have
the following.

[[§ < ﬁ]]g (J,A)

= Z Z D(P (k,s), (j, A))

k:J s:Sk
= > > D((k,Pks), (j, A))
k:J s:Sk
=S S k=) x (2 ) - Pksi— Ai)
k:J s:Sk
= Zsl((i 1) > Pjsi— Ai) szx(x = x’) is contractible
s:Sj
=[S<P]*Aj

Secondly, we show they agree on morphisms: for m: (i :I) > Xi— Yi,j:J,s:5}],
and f: (i:I) > Pjsi— Xi, we have

[S<* P]*m j (s, f)
= (s,mo* f)
=(s,Aip.mi(fip)).

Now m can be turned into a morphism m: (k,X) —p (k,Y) for any k : J. If we fix k to
be j as above, we have

[S < Plym ((j.s). f)
= ((j,s),m ODf)
= ((j,s), Aip.mi(fip)).

Therefore the two functors agree on morphisms up to the equivalence of categories
between Fam; and D. O
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1.6 Related Work

Besides the unary, n-ary, indexed, and generalised containers discussed here, other
kinds of containers have been proposed in the literature. Gylterud introduced symmetric
containers, whose shapes S : Gpd form a groupoid, and whose positions P: S — Set
form a family of Sets; as well as categorical containers, whose shapes S : Cat form a
category, and whose positions P: S — Cat are represented by a functor from S to
the category of small categories [Gyl11]. Altenkirch and Tian are currently working
on higher-kinded containers, which model signature functors of type (Set — Set) —
(Set — Set), like for example for the coinductive type Bush [Alt25].



CHAPTER 2

Inductive & Coinductive Containers

Chapter 1 gave an introduction to containers and their closure properties. One closure
property that we mentioned briefly but did not elaborate on is that ‘containers are
closed under initial algebras and terminal coalgebras’, or in other words, ‘containers
are closed under least and greatest fixed points’, a property first shown by Abbott et al.
[AAGO5]. Since many of the widely used inductive definitions such as N and List are
fixed points, this property is essential if we are to consider containers as a semantic
representation of strictly positive types.

In this chapter, we present a formalisation of the result that ‘container functors are
closed under initial algebras and terminal coalgebras’ in Cubical Agda, which
moreover makes no h-set assumptions. The original development of containers [AAGO03;
AAGO04; AAGO5; Abb03] uses a categorical language, where containers are presented
as constructions in the internal language of LCCCs with disjoint coproducts and W-
types, so-called ‘Martin-Lof categories’, and a standard set-theoretic metatheory is
used. Abbott et al. claim in [AAGO5, Section 2.1] that these developments can also be
interpreted as constructions in extensional MLTT. While the work of Seely, Hofmann,
and others shows that this translation can be done in principle [See84; Hof94], the
construction in type theory is not actually carried out. We remedy this by providing a
formalisation of existing results by Abbott et al. [AAGO05]. While the aforementioned
paper implicitly assumes UIP throughout, we do not assume this principle for any of
the types involved in our formalisation. More precisely, the main contributions of this
chapter are:

« the formalisation of the results stating ‘container functors preserve initial algebras’
and ‘container functors preserve terminal coalgebras’ (Theorems 2.3.1 and 2.3.4),
and

« the generalisation of these results by proving them not in the category of Sets,
but in the wild category of types.
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We regard the formalisation of these results within a subsystem of HoTT as a first step
towards developing container theory in HoTT, with the long-term goal of providing
container semantics for higher inductive types. We discuss more on this in Sections 3.1
and 3.5.

The formalisation is written in Cubical Agda [VMAZ21], an extension of the Agda
proof assistant which implements a cubical [CCHM18] flavour of HoTT. Although a lot
of the interest around Cubical Agda is arguably due to its native support for the
univalence axiom, our main motivation for using it is due to its treatment of equality as
a path type, which restores the symmetry between inductive and coinductive reasoning
in Agda. In intensional type theory, and therefore in vanilla Agda, working with
inductive types is facilitated by using pattern matching and structural recursion. For
coinductive types, while we do have copattern matching and some guarded corecursion,
we cannot get very far when working in this setting. In particular, many equalities
on coinductive types are impossible to prove in much the same way that equalities on
function types cannot be proved: this requires some form of extensionality. Fortunately,
Cubical Agda makes function extensionality provable, and many of the equalities on
coinductive types that were previously impossible in vanilla Agda also become provable.
With our formalisation, we contribute to the agda/cubical library [Agd25a], and
hope to demonstrate that the practical developments brought to MLTT by cubical type
theory extend beyond just computational univalence.

Our formalisation is available at the link in [DAL25a] in a fork of the agda/cubical
library. We have type-checked it using versions 2.6.4.3 and 2.6.5 of Agda. We note that
the numbering of definitions, theorems, and lemmas in the cited Cubical Agda file
corresponds to the numbering in the published paper this chapter is based on [DAL25b].

2.1 Background

In this section, we present some background material that aids in understanding the rest
of the chapter. We start by giving a brief introduction to Cubical Agda concepts that
will be used throughout. We then review M-types, as well as the theory of containers
adapted to wild categories.

The setting of this chapter is cubical type theory, although as we discuss in Section 2.3.1,
we expect our proof to also hold in any type theory with function extensionality, W-
and M-types, and M’s coinduction principle MCoind. We note that in this chapter,
since we want to generalise from h-sets to general types, we replace our use of Set (the
universe of h-sets) with Type, which we use to refer to both the wild category of types
as well as Cubical Agda’s universe of types.

2.1.1 Cubical Agda

We already introduced the proof assistant Agda in Section 0.2.4. This chapter is for-
malised in Cubical Agda [VMAZ21], which extends Agda with primitives from
cubical type theory [CCHM18; CHM18]. While the original motivation behind this
extension was arguably to allow for native support for Voevodsky’s univalence ax-
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iom [Voe14] and higher inductive types [LS19], we are primarily interested in Cubical
Agda’s representation of equality. The equality type in Cubical Agda, also called
the path type, restores the equivalence between bisimilarity and equality for coinduc-
tive types. In order to explain how, let us briefly introduce some of the elementary
machinery of Cubical Agda. We note that we leave out certain important primitive
operations such as hcomp if they do not appear in the rest of the chapter; the interested
reader should consult [CCHM18; CHM18; VMA21] for a more complete picture of
cubical type theory and its implementation in Cubical Agda.

The main novelty of Cubical Agda is the addition of an interval (pre-)type I. This
type has two terms i0, i1 : | denoting the endpoints of the interval. It comes equipped
with meet and join operations ‘A, V_:1 — | — | and a ‘reversal’ operation ~ : | — |,
turning | into a De Morgan algebra. This allows us to internalise the usual homotopical
notion of a path and take that as our definition of equality. Indeed, an equality p
between two points x,y : A, denoted p : x = y, is a path in A between x and y, i.e. a
function p : | — A such that p i0 is definitionally equal to x and p i1 is definitionally
equal to y. To showcase some elementary constructions of paths in Cubical Agda,
consider e.g. the proofs of reflexivity and symmetry shown below. Introducing a path
variable into scope, such as the variable i : | in both definitions below, is known as
interval abstraction or path abstraction.

refl: {x: A} > x=x Tlix=yoy=x

refl {x=x}i=x (pHi=p(~i

As in plain MLTT, there is also a notion of dependent path in Cubical Agda ex-
pressed by the primitive type called PathP. This type generalises the path type by
considering dependent functions (i : I) — A i instead of only non-dependent ones
| — A. We adopt an informal approach and write a = b for the statement that ‘a : A
is equal to b : B modulo some path of types p : A = B’. The definition of the path of
types will often be omitted from the main text, as it almost always can be automatically
inferred from context, but it will be included in a separate yellow text box for the
interested reader.

On a related note, we also mention here that the Cubical Agda primitives allow us
to define transport : A = B — A — B. As usual we have that, for any p : A = B, the
type of dependent paths a = b modulo p is equivalent to the type transport p a = b.

One of the key advantages of Cubical Agda’streatment of equality is that it renders
function extensionality a triviality:

funExt: (x: A) = fx=gx)—>f=g
funExt pix=pxi

A consequence of this is that we can use the types f = gand (x : A) - fx =gx
interchangeably without having to worry about introducing any bureaucracy when
moving from one to the other; in Cubical Agda, equality of functions is precisely
pointwise equality. In a similar way, and especially important for us, the equality
type of a coinductive type is bisimulation, modulo copattern matching. For example,
we can define id below by first introducing the path variable i, after which we are
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required to construct an element of Stream A (see definition in Section 2.1.2) matching
the endpoints xs at i = 0 and ys at i = 1, which we do using copattern matching. In
particular, we can show that id is an equivalence, and if we assume univalence, which
we do not require here, we can even show that (xs =ys) = (xs ~ ys). To the best of our
knowledge, this feature is unique to Cubical Agda.

record _=_ (xs ys: Stream A) : Set where id : (xs ys: Stream A) — xs = ys —
coinductive XS = ys
field hd (id xs ysp i) =hd=p i
hd=: hd xs=hd ys tl (id xs ys p i) = id (tl xs) (t| ys) (tl= p) i

tlx: thxs = tl ys

2.1.2 Coinductive types and the M-type

We have already looked at inductive types in Section 0.3, and what it means for them to
be strictly positive in Section 1.2. Dual to inductive types is the notion of a coinductive
type, i.e. a type defined by a list of destructors. While inductive types are described
by the different ways we can construct them, coinductive types are described by the
ways we can break them apart. Coinductive types are typically infinite structures, for
example the type of Streams, or infinite lists, shown below. This type is parameterised
by a type of inputs A, and if we have a Stream, we can ask for its head (hd) and its tail

().

record Stream (A : Type) : Type where
coinductive

field
hd: A
tl: Stream A

As is the case for inductive definitions, coinductive definitions also ought to be strictly
positive in order to avoid inconsistencies (to be precise, in both cases we mean that the
type’s signature functor should be strictly positive). The type M, first studied by Abbott
et al. [AAGO5] and van den Berg and De Marchi [vD07] and dual to the W-type, is the
type of non-well-founded, labelled trees. A tree of type M can have both finite and
infinite paths. In our development, M takes two parameters S : Type and P: S — Type
(note that we use Type instead of Set), and we think of them similarly as for W, i.e. S
is the type of shapes of the tree, and for a given shape s : S, the tree has (P s)-many
positions. Dually to W, M is the universal type for strictly positive coinductive types.

record M (S : Type) (P : S — Type) : Type where
coinductive
field
shape : S
pos : Pshape - M S P
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Example 2.1.1. If we define S and P as in Example 1.2.1, then M S P is an encoding of
the conatural numbers Noo.

record Noo : Type where
coinductive
field
predeo : T W Noo

Apart from having all the natural numbers as its elements, Noo also has an ‘infinite
number’ whose predecessor is itself. This number is represented by the infinite tree
shown below. This M-tree clearly has an infinite path.

inrtt;_) O

We will see in Section 2.3 that it is useful to have an explicit account of the coinduction
principle of M, which states that any two mg,m; : M SQ that can be related by a
bisimulation are equal. In Cubical Agda, we can define what it means for a relation
R on M to be a bisimulation using M-R below — R has to relate two elements m, and
m; of M whenever their shapes are equal and their positions are related by R.

record M-R(R:M S Q — M S Q — Type) (mg m; : M S Q) : Type where
field
s-eq : shape my = shape my
p-eq: (go = Q (shape mo)) (g1 : Q (shape my))
(g-eq: qo = q1) — R (pos mg qo) (pos m1 q1)

T Above, g-eq is a dependent path over the path of types (1 i — Q (s-eqi))

We can then prove the coinduction principle using interval abstraction and copattern
matching.

MCoind: (R: M SQ — M S Q — Type)
(is-bisim: {mg m; : M S Q} — R my m;y — M-R R my my)
{mym :MSQ} > Rmym — my=my
shape (MCoind R is-bisim r i) = s-eq (is-bisim r) i
pos (MCoind R is-bisim {my = mo}{m; = my} ri) q=
MCoind R is-bisim {my = pos mgy qo} {my = pos m; q1}
(p-eq (is-bisim r) qo q1 q) i

Above, qo, q1, and g, are all of the form transport...q. The constructions of these
transports use some rather technical cube algebra, and rely on the fact that if we have
an element q : QQ i living over a path variable i, then we can obtain a qo : QQ i0 and a
q: : QQ i1 by transporting, that are equal up to a path. We omit the details and refer
the interested reader to the formalisation.

2.1.3 Wild containers

The container and container functor definitions in this section are adapted from those
in Chapter 1 to the wild category of types Type. A wild category is a category as defined
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in Section 0.4, except the type of morphisms need not be an h-set (i.e. it need not satisfy
UIP); this is also called a precoherent higher category in [Che25]. We observe that Type
has triangle and pentagon coherators, and is therefore a 2-coherent category in the
sense of [Che25], and moreover its coherators are trivial [Che25, Example 2.2.5]. The
definitions of container functor algebras are standard category theory definitions also
adapted to this setting, with the initial algebra definition being motivated by [KvR21,
Definition 5].

Definition 2.1.2. A (unary) container is given by a pair of types S : Typeand P : S —

Type, which we write as S < P. O
Definition 2.1.3. For some (potentially infinite) indexing type I, an I-ary container is
given by a pair S : Type and P : I — S — Type, which we write as S <P. O
As was the case in the previous chapter, we will sometimes write Py, P;, ... instead of
Py, P 1y, ... to enumerate the families over S.

Unary containers are trivially I-ary containers when I = T, so henceforth in this section
we will only consider I-ary containers.

To every container S < P, we associate a wild functor which maps a family of types
X : I — Type to a choice of shape s : S, and for every i : I and position P i s associated
to s, a value of type X i to be stored at that position.

Definition 2.1.4. The container functor associated to an I-ary container S <P is the wild
functor [S <P]: Type! — Type, where Type! refers to the wild category of I-indexed
families of types. It has the following actions on objects and morphisms.

« Given X : I — Type, we define [S<P] X = Z(ans — Xz).
s:S ul

« Given X, Y : I — Type, and a morphism f: n X1 — Y1, we define
:1

[S<P]f(s.9)=(s.fog)

fors:Sandg: n P1s — X1, where f o g is composition in Type!. O
9

As a special case of Definition 2.1.4, given an (I +1)-ary container F = S<R, we will later
need to write it in a way where we single out one component from it. We split R into
P and Q and write F as having components S : Type,P: I — S — Type,Q: S — Type,
and use the notation F = (S <P, Q). Given X: I — Type and Y : Type, then S, P, and Q
satisfy the below.

[[S<1P,Q]](X,Y):Z(HPISHXz)X(Qs—)Y) (2.1.5)

s:S ol

The two main results formalised in this chapter concern the initial algebra and terminal
coalgebra of a container functor. We define explicitly what we mean by these in the



2.2. SETTING UP 44

setting of wild categories and wild functors. We note that for (at least a naive definition
of) a functor of wild categories F: C — C, it is not in general the case that F-algebras
form a wild category. However, this is the case for container functors. This follows
from the properties of Type we mentioned at the start of the section.

Definition 2.1.6. For a (unary) container functor [F]: Type — Type, the wild category
of [F]-algebras, denoted Algg, is defined as follows.

« Objects are algebras: pairs (X: Type, a: [F| X — X).!
« A morphism of algebras (X, @) — (Y, f) is a function f: X — Y such that the
following square commutes.

F1x LYy 1y

L) <>

XﬁY

Definition 2.1.7. The initial algebra of a (unary) container functor [F]: Type — Type
is an algebra (I, 1) such that for every algebra (X, ), Algm ((I,1), (X, «)) is contractible.
O

The wild category of [F]|-coalgebras Coalg] is dual to Definition 2.1.6, where the objects,
coalgebras, are defined as pairs (X: Type,a: X — [F] X). The terminal coalgebra is
then an object (T, 7) such that for every coalgebra (X, @), CoalgﬂFﬂ ((X,a),(T,1)) is
contractible.

2.2 Setting Up

In this section, we state precisely what it is that we want to prove and start attacking
the problem. We construct a candidate initial algebra and terminal coalgebra for a
general container functor, which in the following section we prove to be correct. We
also discuss a generalised induction principle for the inductive family Pos of finite paths
in a tree.

2.2.1 Calculation of the initial algebra and terminal coalgebra

Given a container functor [F]: Type/*! — Type, which we write as F = (S <P, Q), we
need to specify container functors

[[Ay < Bp]]: TypeI — Type
[A, <B,]: TypeI — Type
such that

[A, <B,] X = uY.[F](X.Y),

1X is sometimes called the carrier of the algebra.
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[A, <B,] X = vY.[F](X, Y).

The symbols p and v above denote partial operators taking a wild functor to the carrier
of its initial algebra or terminal coalgebra respectively, if they exist. More precisely,
the notation pY.[F](X,Y) is shorthand for (the carrier of) the initial algebra of the
wild functor G defined by GY := [F[(X,Y), and dually for v. We also note that =
denotes an equivalence of types, which there are several different notions of in HoTT.
In our formalisation, we primarily use a definition in terms of quasi-inverses [Unil3,
Definition 2.4.6], i.e. a function with an explicit inverse. All statements in this paper
are independent of this particular choice and can be read with any other reasonable
notion of equivalence in mind.

We now illustrate how we calculate containers (A, <B,) and (A, <B,) in I parameters
to make the above equivalences hold. Calculating A, and A, is straightforward. If we
set X = T in the above, we get

Ay = [Ay<B] T = pY [FI(T,Y) = pY. Y (Qs > ¥) = pY.[S<Q] Y = WSQ
s:S

Av=[A <B] T = v [FI(T,Y) = vY. Y (Qs = ¥) = wY.[S<Q] Y = MSQ.
s:S

The last step follows from the fact that the least (resp. greatest) fixed point of the
container functor in one variable [S < Q] is WS Q (M S Q), the W-type (M-type) with
shapes S and positions Q.

Calculating B,: I > WSQ — Typeand B,: I - M5 Q — Type is a bit more involved.
Our reasoning below applies to both WS Q and M S Q, so we consider any fixed point
¢ of the container functor [S < Q] and construct B: I — ¢ — Type. Being a fixed point
of [S <« Q] means that ¢ consists of a carrier C : Type together with an equivalence,

x:[s<QJCc=C.

record FixedPoint : Type; where
field
C:Type
x:(2Z[seS](Qs—=C)=C

In particular, we have WAIg : FixedPoint whose carrier is W S Q and MAIg : FixedPoint
whose carrier is M S Q (for the y components, we refer the reader to the formalisation).

If [C «B]X is to be a fixed point of [F[|(X, —), then we need the following isomorphism
to hold.
[F](X, [C <B]X) = [C <B] X (2.2.1)

By massaging the left hand side of this isomorphism, we can write it as a container
functor in terms of only X.

Z((HP” _>Xl) X(Qs— [C<B] X)) using Equation 2.1.5

-S(([Trosx)xlos= S([Toremx)))  dtmtonars

S
s:S
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EZ((HPIS_)XI)X Z (nnBl(fq)_)Xl)) distributivity of II
sS

1 f:Qs—C q¢Qs 1 over X

commutativity of X

H(PIS+ZBl(fq))—>Xl) and (A+B) —» C =
(5.£): as(Qs—C) 1 Qs (A—C)x(B—C)

= H(s,f) : Z(Q s — C)« (/1 LPis+ Z Bi(f q))ﬂ X definition of [_]
o3 40 s

IR

The induced isomorphism (2.2.1) can then be written as

H(s,f) :Z(Qs—>C)<1(/11.st+ZBz(fq))]]XE [C <B] X.
S q:0 s

We already have the isomorphism y: }..¢(Q s — C) = C on shapes. We will also need
the below isomorphism on positions for : : [ and ¢ : C. We call £ the map in the inverse
direction of y and use the notation (¢ &) and (¢ &) for its first and second projections,

so that (¢ &) ¢: Sand (¢ &) ¢: Q (¢ &) ©) — C.

Pipero+ D, Bi((g&)cg)=Bic
7:Q ((¢ &) ©)

We use this as our definition of B, which we hereafter call Pos, as an inductive family
over C. In our code, Pos is also parameterised by a fixed point ¢.

data Pos (¢ : FixedPoint) (1: I): ¢ .C — Type where
here: {c:¢.C} > P1((¢ x '0)c) > Posgic
below : {c:¢.C} (q: Q((¢ x ') c) = Pos¢i1((¢ y"'1)cq) — Pospic

It turns out that Pos works for both the initial and the terminal case: we set B, =
Pos WAIg and B, = Pos MAIg. It is not immediately clear that choosing B, to be an
inductive (and not coinductive) family over M S Q would be the right choice in the
coinductive case, so we explain why this works in more detail.

Intuitively, we can think of Pos as the type of finite paths through a W or M tree. To see
this more clearly, we look at Pos specified to ¢ = MAIlg,I = T, and P tt s := T (which
implies we only consider unary containers), which would be equivalent to PosM below.

data PosM : M S Q — Type where
here: {m: M S Q} — PosM m
below : {m: M S Q} (q: Q (shape m)) — PosM ((pos m) q) — PosM m

Now, as an example, recall from Example 2.1.1 that if we set S =S and Q = P, where

S=T+T
P(inl))=1
P(inr_) =T,



47 CHAPTER 2. INDUCTIVE & COINDUCTIVE CONTAINERS

we have that M S P = Noo. Also recall that the M trees encoding 0, 1, and co respectively
of type Noo are as follows.

inr tt

inl tt \ inr tt D

inl tt

Now we look at the elements of PosM (M S P), or equivalently PosM Noo, for the
elements 0, 1, and oo of Neo. For the first tree (encoding 0), PosM would consist solely
of the element here , because we cannot construct anything via below, since P (inl tt)
is empty. For the second tree (encoding 1), PosM consists of here and below tt here,
since P (inr tt) is now T. For the third tree (encoding o), PosM consists of here, below
tt here, below tt (below tt here), and so on, ad infinitum. Although M trees can have
infinite paths, like in the third case, any position (i.e. where data is stored in the tree,
even though this example does not involve payloads) is obtained via a finite path, and
since PosM encodes exactly the finite paths, it is precisely what is required. We verify
this is actually the case in Section 2.3.

2.2.2 Generalised induction principle for Pos

We take the opportunity to mention the induction principle for Pos, which will come
in useful later. In general, given a fixed point ¢, an index 1 : I, and a family of types
A:(c:¢.C) > Pos ¢ 1 ¢c — Type equipped with

e h:i{c:¢ .C} (p:P1((¢ &) c)) = Ac (here p)
«b:{c:¢.CH(qg:Q (&) c) (p:Posdp1((p&)cq) >A(p&)cqgp —
A ¢ (below g p)

induces, in the obvious way, a dependent function (c¢: ¢ .C) (p: Pos¢p1¢c) = Acp.
In Cubical Agda, this is precisely the induction principle we get from performing
a standard pattern matching. In practice, however, this induction principle is quite
limited. The primary difficulty we run into is in the case where A is only defined over
(d : D) and Pos ¢ 1 (f d) for some fixed function f : D — ¢ .C. In this case, the
induction principle above does not apply since A is not defined over all of ¢ .C. This is
analogous to how path induction does not apply to paths with both endpoints fixed.
There are special cases when the induction principle is still applicable: for instance,
when f is a retraction. In fact, we only need f to satisfy a weaker property, namely the
following.

Definition 2.2.2. Given a fixed point ¢, a function f: D — ¢ .C is called a ¢-retraction
if for any d : D, the lift f; in the diagram below exists.

(¢ &) (fd) N

Q ((¢ &) (f d)) ¢.C
u 7

D

What f being a ¢-retraction means informally is that for every d : D, when we look



2.3. Fixep PoINTS 48

at the “position’ part of fd (i.e. (¢ &) (f d)), it is still of the form f d’ for some other
d’ : D. We see an application of this later in Lemma 2.3.11.

Lemma 2.2.3 (Generalised Pos induction). Let ¢ be a fixed point, 1 : I an index, and
f:D — ¢ .C ap-retraction. Let A: (d : D) — Pos ¢ 1 (f d) — Type be a dependent
type equipped with

« h: {d:D} (p:P1((¢ &) (f d))) = Ad (here p)
« b:{d:D} (q:Q ((¢ &) (fd) (p:Pos¢1((¢&1) (fd)g) —
A(fiq) p — Ad (below q p)

where p is p transported along the witness of the fact the diagram in Definition 2.2.2
commutes. This data induces a dependent function (d : D) (p : Pos ¢ 1 (f d)) = Ad p.

Proof sketch. The induction principle follows immediately from the usual induction
principle for Pos but with the family A : (¢ : ¢ .C) — Pos ¢ 1 ¢ — Type defined by

Acp=(d:D)(t:c=fd) > Adp

where p denotes the result of transporting p along ¢ : ¢ = f d. We obtain the appropriate
statement by setting ¢ := f d. [

2.3 Fixed Points

Let us now show that the constructions from Section 2.2 are correct: [W S Q<Pos WAIg] X
is the initial [F] (X, —)-algebra carrier, and [M S Q<Pos MAIlg] X is the terminal [F[|(X, —)-
coalgebra carrier. The proofs in this section mostly follow those given in [AAGO05], but
in the more general (UIP-free) setting of Type instead of Set.

We start off by showing that [W S Q <Pos WAIg] X is the initial [S<P, Q] (X, —)-algebra
carrier. This proof is relatively straightforward.

Theorem 2.3.1. Let F = (S «P,Q) be a container in Ind + 1 parameters with S :
Type,P: Ind — S — Type, Q: S — Type. For any fixed X: Ind — Type, the type
[W S Q <« Pos WAIg] X is the carrier of the initial algebra of [F] (X, —): Type — Type,
Le.

[W 'S Q <Pos WAIg] X = pY.[F](X,Y).2

Proof of Theorem 2.3.1. We write W for W S Q and Posy for Pos WAIg. We construct
an [F](X, —)-algebra with carrier [W < Posyu] X by defining a morphism

into: [F](X, [W < Posy] X) — [W < Posu]] X

by induction on Posy as follows, where s : S, f: Qs — W,g: (1: Ind) — P1s — X,
and h: (1:Ind)(q: Qs) — Posui(fq) — Xu.°

2We use the notation 1 : Ind for indices to distinguish them from interval variables i : I.
SWe repackage the type of the input of into via Equation 2.1.5 and distributivity of functions over .
This also applies for the definition of out in Theorem 2.3.4.
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fst (into ((s, f), g, h)) = sup-W s f
snd (into ((s, f), g, h) 1(herep)=gip
snd (into ((s, f), g, h)) 1(below gb)=h1qb

Then ([W <Posy] X, into) is an [F](X, —)-algebra. Now for any algebra (Y, «), we need
to define @: [W < Posu]] X — Y uniquely such that the below diagram commutes.

[F](X, [W < Posu] X) -2 [W < Posy] X

[7] (x,a)l la (2.3.2)

[FI(X,Y) > Y

4
We define @: Y, ((1:Ind) — Posp 1w — X 1) — Y by induction on W.*
w:W

a:2[weWSQ](i:Ind)—> Pospiw—X1)—>Y
a(supWsf,k=a(s,g,.Ag—=a(fqg,A1—hi1gq)
where
g:(1:Ind) > Pi1s— X1
gi1p=ki(herep)

h:(1:Ind) > (q: Qs) — Pospi1(f q) — X1
hi1qgb=ki(below qb)

That (2.3.2) commutes then follows definitionally.

The only thing left to show is that @ is unique. We assume there is another arrow
@: [W < Posp] X — Y making (2.3.2) commute, i.e.

@ ointo = a o [F](X, @), (2.3.3)

and prove that for w : W, k: Posp 1w — X1, we have a(w, k) = a(w, k). By induction
on W, we have to show that for s : S and f: Q s —» W, we have a(sup-W s f, k) =
a(sup-W s f,k). This follows easily from @’s definition, assumption (2.3.3), and our
inductive hypothesis. O]

Next, we show that [M S Q < Pos MAIg] X is the terminal [S < P, Q] (X, —)-coalgebra
carrier. This proof is significantly more challenging than the previous one, both theo-
retically in that we use a modified version of the induction principle for Pos, and also
technically in that we have to go through several workarounds for Cubical Agda
to accept our proof. It also requires us to use a considerable amount of path algebra
to prove coherences that are not needed when assuming UIP, which appears to be
implicitly assumed in the original proof.

Theorem 2.3.4. Let F = (S «P,Q) be a container in Ind + 1 parameters with S :
Type,P: Ind — S — Type, and Q: S — Type. For any fixed X: Ind — Type, the type
[IM S Q<Pos MAIg] X is the carrier of the terminal coalgebra of [F] (X, —) : Type — Type,
ie.

[M S Q «Pos MAIg] X = vY.[F](X,Y).

*Technically, this definition raises a termination checking error, but this is easily fixed in the actual
code by defining the uncurried version first then writing @ in terms of it.
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Before we prove Theorem 2.3.4, we spell out what it is we need to show. We write M for
M S Q and Posv for Pos MAlg. First, we construct an [F](X, —)-coalgebra with carrier
[M < Posv] X by defining

out: [M <« Posv] X — [F](X, [M < Posv] X)
roughly as into™!, where into is the function from Theorem 2.3.1.

out (m, k) = (shape m, pos m),

(A1p—ki(herep),(A1qb— ki(below qb)))

So ([M < Posv] X, out) is an [F] (X, —)-coalgebra. For any coalgebra (Y, f3), we need to
define f: Y — [M < Posv] X uniquely, such that the below diagram commutes.

S IFlXY)

Y
El l[[F]] (X.) (2.3.5)
[M <Posv] X —out” [F](X, [M <« Posv] X)

To this end, from now on we fix f: Y — [F](X, Y) with the following components.

fs: Y — S
Bg: (y:Y) (1:Ind) > P1(Bsy) — X1
Ph:(y:Y) > Q (Psy) =Y

To prove Theorem 2.3.4 we (i) construct B: Y — X ((1:Ind) — Posvim — X1) such
m:M

that (2.3.5) commutes and (ii) show that this E is unique. This will be the content of
Lemmas 2.3.6 and 2.3.8.

Lemma 2.3.6. There is a function B: Y - X ((2:Ind) — Posvim — X 1) making

m:M
(2.3.5) commute.

Proof. We will define f by

E:Yt)Z[TEM]((z:Ind)%PosvzmeXl)
Py=Pry. By

where Bl: Y — M is defined by coinduction on M and Bz¢ (y:Y) (:Ind) —
Posv i (B, y) — X1 is defined by induction on Posv as follows.

Br:Y > M fo:(y:Y) iz Ind) — Posv i (1 y) = X1
shapi(ﬁl y)_= Bsy Ez y 1 (here p) = ﬁgl_’lp
pos (f1y) = 1o (Bhy) B>y 1(below g p) = B, (Bhy q) 1p

This construction makes (2.3.5) commute by definition. O]
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To show that f§ is unique, we assume there is another arrow f: Y — [M < Posv] X
making the above diagram commute, i.e.

outo f=[F](X,f) o p (2.3.7)

then show that /§ = E Naming ﬁ’s first and second projections Bl and ﬂ~2, assumption
(2.3.7) can be split up into the paths shown below. We remark that all but the first one
of these paths are dependent paths. In what follows, we fixy : Y.

commy y : shape (B y) = fs y
commy y < pos (Br y) = (2.q = b (Phy 9))
T dependent path over (A i — Q (commy y i) — M)
comms y = (A1p = fz y 1t (here p)) = fg y
T dependent path over (A i — (1: Ind) — Pt (comm; y i) — X 1)
commyy : (A1qb— Byyi1(belowqb)) = (Aigb— B (Bhyq)1b)

T dependent path over (A i — (1:Ind)(q: Q (comm; yi)) — Posvi (commy yiq) — X 1)

These equations simply express the fact that for ﬁ~ to make diagram (2.3.5) commute, ﬂ~1
and f; have to be defined in the same way component-wise as ; and f3,, up to a path.

Lemma 2.3.8. Yhefunctionﬁ: Y — > ((1:Ind) — Posvim — X1) from Lemma 2.3.6
m:M

is unique. In other words, under the assumption that comm;—commy above exist, we can

construct the following paths.

fstEq:(y:Y)—>[§1yEBly
sndEq: (y:Y) = B, y= B, y

T dependent path over (i — (1: Ind) — Posv 1 (fstEq y i) X 1)

Proof of Lemma 2.3.8, part 1: construction of fstEq. Recall M’s coinduction principle
MCoind from Section 2.1. Using this, we can prove fstEq in a rather straightforward
manner. To apply MCoind, we need to construct a binary relation R on M. We construct
it as an inductive family that relates precisely those terms we need to prove equal, i.e.

pryand B, v.
dataR: M — M — Type where
Reintro: (y: Y) = R (81 y) (b1 )
We then prove that it is a bisimulation using copattern matching,.

isBisimR : {mg m; : M} — R mg m; - M-RR my my
s-eq (isBisimR (R-intro y)) = comm; y
p-eq (isBisimR (R-intro y)) qo ¢1 g-eq = transport ... (R-intro (Bh y q1))
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T Here, the second goal is of type R (pos (ﬁl Y qo)) (El (Bh y q1)) while R-intro (Bh y q1) is of type
R (ﬁl Phyq)) (El (Bh y q1)). This mismatch is adjusted using comm;. Explicitly, we transport over the
path of types (i — R (comm; y (~ i) (g-eq (~i)))).

This allows us to finish the construction of fstEq.

fstEq y = MCoind R isBisimR (R-intro y) O

Before we continue with the construction of sndEq, we briefly discuss some of the finer
points concerning the construction of fstEq. Because we used MCoind and isBisimR to
construct fstEq, its definition is somewhat opaque. Fortunately, the construction is well-
behaved on shape and thus the action of shape on (fstEq y) computes definitionally to
comm; y. This means that the action of pos on (fstEq y) can be viewed as a dependent
path pos (ﬁ~1 y) = El o (ph y) over the path of types (A i — Q (comm; y i) — M).
There is another canonical element of this type obtained by simply composing comms;,
with a corecursive call of fstEq — let us call it fstEqPos. It is defined as the composition
of paths

pos (fr y) ~~L s (Mg — fr (Bhy ) —— Py ) g5 B, (Bhyq)

(2.3.9)
where the squiggly arrow indicates that (comm; y) is a dependent path. We can now
ask whether pos on (fstEq y) computes to (fstEqPos y) (which in essence just says
that fstEq satisfies the obvious coinductive computational rule). This would be entirely
trivial if we had assumed UIP, since we would be comparing equalities on h-sets, but
now becomes something we cannot take for granted. Fortunately, it turns out we can
still prove it.

Lemma 2.3.10. Forally : Y, we have fstEqPos y = (1 i — pos (fstEq y i)).

Proof sketch of Lemma 2.3.10. The lemma is proved by abstracting and applying func-
tion extensionality and path induction on comm;. In this special case, i.e. when
comm; y = refl, one can simplify the instances of isBisimR and MCoind used in

the construction of fstEq. We omit the details which are just technical path algebraic
manipulations and refer the reader to the formalisation. ]

One may reasonably ask why this is a lemma and not simply part of the definition of
fstEq. We discuss this in Section 2.3.1.

Let us now move on to the construction of sndEq. We construct sndEq using Lemma 2.2.3
which requires the following fact.

Lemma 2.3.11. EI: Y — M is an MAlg-retraction.

Proof. For each y : Y, we need to construct a function Ey : Q (shape (El y)) — Y such
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that the below diagram commutes.

pos (Bry) |

Q (shape (B, y)) MSQ
v B
Y

By unfolding the definition of Bl y, this equality can be stated as follows for each
q:Q (Bsy).

Bi (By @) =msa By (Bhy @) (23.12)
Defining Ey = Bh y makes (2.3.12) hold definitionally. [

Finally, we are ready to construct sndEq and thereby finish the proof of Lemma 2.3.8.

Proof of Lemma 2.3.8, part 2: construction of sndEq. For ease of notation, we define, for
each1: Ind and y : Y, the function

tr y: Posvi (El y) — Posv1 (ﬁ~1 v)
tr y := transport (1 i — Posv 1 ((fstEq y)~' 1))

For the construction of sndEq, we first note that, by function extensionality and the
interchangeability of dependent paths and transports, constructing sndEq is equivalent
to showing that

Payr(tryt) =Byt (2.3.13)

fori:Ind and t : Posv 1 (Bl y). In light of Lemma 2.3.11, we may apply Lemma 2.2.3 in
order to induct on t. When ¢ is of the form here p, there is not much to show. Indeed,
by translating this instance of (2.3.13) back into the language of dependent paths, we
see that the data is given precisely by comms.

When ¢ is of the form below g p, we may assume inductively that we have a path

P (Bhyq) 1 (tr (Bhyq)p) =P, (Bhyq) ip (2.3.14)

and the goal is to show that
ﬁz y1 (try (below g p)) = Ez y 1 (below g p). (2.3.15)

The RHS of (2.3.15) is, by definition, equal to the RHS of (2.3.14). By commuting
transports with below and using commy, we can rewrite the LHS of (2.3.14) to a term
of the form f; y 1 (below (transport ... q) (transport ... p)). Commuting transports
with below in the LHS of (2.3.15), we get a term of the same form, albeit with transports
over slightly different families. Thus, it remains to equate these families. We spare the
reader the technical details and simply point out that this task, after some path algebra,
boils down to precisely Lemma 2.3.10. This concludes the proof of Lemma 2.3.8 and
thus also of Theorem 2.3.4. O
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Example 2.3.16. For a concrete example of Theorems 2.3.1 and 2.3.4, consider S, P,
and P; as defined in Example 1.3.8. Then for a fixed X : Type,

Fiist =[S <Py, P1](=X) =T + (= x X): Type — Type,

the signature functor for List, has an initial algebra with carrier [N <Fin] X, and it has a
terminal coalgebra with carrier [Neo <« Cofin]] X. Nco is defined as in Example 2.1.1 and
Cofin is the inductive type family over Neo of finite and (countably) infinite sets. N<Fin
is the container representation of lists while Noo <« Cofin is the container representation
of colists (the type of finite and infinite lists). O

2.3.1 The absence of UIP and Agda’s termination checker

One of the key contributions of this chapter is the fact we were able to formalise Lemma 2.3.8
without using UIP. Our main difficulty was proving the technical Lemma 2.3.10 which
essentially says that fstEq is coinductively defined in the obvious manner. In theory,
Cubical Agda should allow us to define fstEq as

shape (fstEq y i) = commy y i
pos (fstEq y i) = fstEqPos i

where we recall that fstEqPos is defined by coinductively calling fstEq as in (2.3.9). This
construction would make Lemma 2.3.10 hold definitionally, without requiring any form
of UIP. There are, however, two difficulties that come up with this. Firstly, Agda does
not accept this definition and raises a termination checking error. We believe this to be
an issue with Cubical Agda’s current termination checker. Generally speaking, in
order to check whether a corecursive function terminates, Agda needs to ensure its
output can be produced in a finite amount of steps. We call such functions productive.
In the cases when it is not obvious from the structure of the code that it is productive,
e.g. if we make a corecursive call and do something else with it before returning,
rather than returning directly, Agda usually raises a termination error. While this
is justified in general, composing productive calls using Cubical Agda’s primitive
path composition function, hcomp, should be productive, but Agda still raises an error.
This was raised as a GitHub issue [Alt20].

If the first issue were to be resolved, our proof of Theorem 2.3.4 could be made signifi-
cantly shorter, as we would not need to use M’s coinduction principle MCoind in the
definition of fstEq. Nevertheless, there is another drawback with such a construction of
fstEq, namely that it relies heavily on the intricacies of cubical type theory (specifically
when we introduce a path variable i and then copattern match). As a result, we could
not expect to reproduce such a proof in other non-cubical type theories. Therefore, from
a mathematical perspective, the issue we faced with the termination checker may have
been a blessing in disguise. Our original motivation behind formalising Lemma 2.3.8
was to support the claim by Abbott et al. [AAGO05] that the theory of containers can be
understood in type theory. Here, we aim to interpret type theory as generally as possible,
rather than restricting ourselves to cubical type theory. Since we had to define fstEq
using MCoind rather than the Cubical Agda-specific construction above, our proof
should hold in any type theory having function extensionality (e.g. setoid type theory
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[ABKT19]), W-types (M-types can be derived from inductive types, see [ACS15]), and
coinduction for M-types. The fact that the authors of [AAGO05] never mention any
results akin to Lemma 2.3.10 suggests that they worked under a tacit assumption of UIP,
which is further evidence that our formalisation indeed is a generalisation of previous
results.

2.4 Conclusion & Related Work

In this chapter, we presented a formalisation of the following results on containers,
doing so without making any h-set assumptions, thereby generalising the original
results from the category of sets to the wild category of types.

« [W S Q< Pos WAIg] X is (the carrier of) the initial [S <P, Q] (X, —)-algebra, and
« [M S Q <«Pos MAIg] X is (the carrier of) the terminal [S <P, Q] (X, —)-coalgebra.

While the first proof was straightforward, the second proof needed more careful con-
sideration. In particular, it employed a modified version of Pos’s induction principle
and required various workarounds for Cubical Agda to accept our proof. However,
having done these workarounds means that our construction should hold not only in
cubical type theory, but in any type theory with function extensionality, W- (and M-)
types, and MCoind.

Similar results have been formalised in Lean by Avigad et al. [ACH19], who utilised a
variation on bounded natural functors in their formalisation, although to our knowledge
our formalisation is the first one not relying on UIP. Vezzosi [Vez17] wrote about the
semantics of allowing path abstraction in copattern matching definitions in Cubical
Agda. Ahrensetal. [ACS15] formalised M-typesin Cubical Agda aslimits of chains,
so that their definition does not use the coinductive keyword. Since our goal was not
only to establish the theoretical results in a more general setting, but also to make use
of Cubical Agda’s support for proving equalities on coinductives, we chose to use
native coinductive types and defined M as shown in Section 2.1.2. Nevertheless, it is
possible that using their definition might have circumvented the issues we faced with
the termination checker, due to avoiding the use of native coinductive types, although
their approach relies on the univalence axiom, while ours does not.

Having formalised these results on fixed points of containers without making h-set
assumptions suggests that equivalent results should hold for the more general groupoid
(or symmetric) containers and categorified containers [Gyl11; Alt24]. These more
general kinds of containers are of interest as they can describe a larger class of types,
such as the type of multisets, which are not covered by h-set based container definitions.
Their theory is however not fully worked out yet, so we leave this for future work.



CHAPTER 3

A Container Model of Type Theory

One of our long-term research goals is to extend the theory of containers, which already
provides semantics for simple inductive types and inductive families, to the more general
QIITs. When we started looking into this, it became clear that as a prerequisite to this
approach, we need a way to model type theory via containers. We start by motivating
these two problems and explaining why the latter is a prerequisite to the former. Most
of this chapter focusses on presenting the container model of type theory first proposed
by Altenkirch and Kaposi, using groupoid categories with families (GCwFs) as our
notion of model, which has been fully formalised in Cubical Agda. At the end of
this chapter, we present some conjectures on obtaining QIIT semantics via generalised
containers as a starting point for future work.

3.1 Motivation and Related Work

Providing semantics for HITs in HoT T continues to be an open problem. Despite there
already being a lot of work in the literature making use of HITs (e.g. [LS13; Brulé;
LM23]), they still lack a general specification and theoretical foundations. Several
approaches have been proposed in the literature. For example, Coquand, Huber, and
Mortberg extend cubical type theory with a syntax for HITs [CHM18]; Lumsdaine and
Shulman introduce the notion of ‘cell monads with parameters’ to model HITs [LS19];
Cavallo and Harper give a schema for HITs that are formulated in terms of cubical type
theory’s path type [CH19]. However, these contributions either work in a subsytem of
HoTT (e.g. cubical type theory), or they describe specific examples as opposed to giving
a general treatment of HITs. This means that we still do not have a precise definition of
what a HIT is in general.

As a first step towards closing this gap, we look at giving semantics for set-truncated
HITs with induction-induction, also known as QIITs. These types generalise dependent
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types in two ways. Firstly, they not only allow the use of point constructors, but also
path constructors up to first order equalities (i.e. these types are h-sets hence their paths
are h-props). Secondly, they allow the use of induction-induction, which introduces a
higher dependency in a type’s definition, and allows constructors of one sort to refer to
constructors of another sort mutually. More precisely, we can simultaneously define
a type A : Type with a family B: A — Type over A, where the constructors of A can
refer to B. This means we can refer to a family (e.g. a predicate) over A when defining
A itself.

The QIIT of the syntax of a very basic type theory is given below as an example. It is a
quotient type due to eq being an equality constructor, and it is an inductive-inductive
type due to the constructor eq of Con referring to the constructor ¢ of Ty, which in
turn is a type family being defined over Con.'

data Con : Set
data Ty : Con — Set

data Con where
o: Con
-:(:Con)— Ty — Con
eq:(l':Con)(A:TyI)(B:Ty(',A) = (I',A),B)=(',c T AB)

data Ty where
1:(T':Con) > TyT
og:(T:Con)(A:TyI) >Ty(T,A) > Tyl

Simple inductive types and inductive families already enjoy fully developed semantics
in HoTT. Dybjer extends Martin-Lof’s encoding of the natural and ordinal numbers
using W-types to an encoding of any inductive type represented by a strictly positive
endofunctor on the category of sets [Dyb96b]. His approach works in extensional type
theory but raises issues in intensional type theory (e.g., in this setting there are multiple
representations of zero : N, see [McB10]), although this was later fixed by Hugunin
[Hug21]. These results establish W-types as the universal type for simple inductive
types. Abbott et al. show that (n-ary) containers are a normal form for simple inductive
types [AAGO5], and use them to generalise Dybjer’s result to nested inductive types
and coinductive types, while providing a more complete description of the categorical
infrastructure involved. Later, Altenkirch and Morris introduce indexed containers
as a normal form for inductive families [AMO09], and show that any inductive family
can be represented as an indexed W-type, thereby identifying a universal type for
inductive families. Sattler shows that indexed W-types can be reduced to W-types

IWe note that this is written in ‘pseudo-Agda’ code for two reasons. Firstly, Cubical Agda does
not (at the time of writing) accept the constructor eq, due to it referencing o which is not yet defined.
We could in theory get Agda to accept an encoding of this QIIT — more details on such an encoding can
be found in von Raumer’s thesis [vRau19] and Sestini’s thesis [Ses23]. Secondly, for this type to be a
QIIT, we need to ensure that Con is an h-set and Ty is a family of h-sets. In the example, we do so by
declaring the types of Con and Ty I' to be Set instead of Type, but in reality, writing this in Agda would
not enforce this. To achieve this in practice, we would have to add more equality constructors stating
that any two equalities on any two elements of the declared types are equal.
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[Sat15], showing that W-types are enough to represent both simple inductive types and
inductive families. Once again, these results are stated in extensional type theory, but
they can also be translated into intensional type theory as long as we have function
extensionality. This is dealt with formally in [AGS12].

A similar well-established theoretical foundation for II'Ts and QIITs in HoTT has not
yet been found. Probably the most up-to-date developments on this can be found in
Kovacs’s thesis [Kov22]. The first obstacle we face in formalising IITs is that due to
the dependency we allow between constructors of different sorts, we do not have a
way of expressing IITs as endofunctors, unlike the cases of simple inductive types and
inductive families. This means that we cannot express their semantics as an initial
algebra over a functor. Altenkirch et al. remedy this for the even more general case
of QIITs [ACD+18]. They specify a way to still represent QIITs as initial algebras, but
instead of being initial F-algebras for some functor F, they are now initial ‘dependent
dialgebras’. They generalise the usual functorial semantics of inductive types to QIITs
by starting off with a category of the sorts of a QIIT, and adding one constructor at a
time, where the n'" constructor is represented by a pair of functors L, (the left hand
side, or the arguments) and R, (the right hand side, or the target type, which can either
be a sort or an equality). At the end of this process, once all the constructors are added,
we end up with a category of dependent dialgebras, whose initial object corresponds
to the QIIT. While this work sets out a general method for specifying IITs and QIITs,
the specification is still too broad as it allows non-strictly positive types: it tells us
that if a QIIT specification has an initial algebra, then we can describe it in a specific
way. However, it doesn’t tell us which QIIT specifications have initial algebras. This is
precisely the problem we aim to tackle, namely, we want to provide a canonical way
to represent QIIT specifications that admit an initial algebra, i.e. the strictly positive
ones. The way this was achieved for simple inductive types and inductive families was
using containers. We take inspiration from this and aim to ‘containerify’ the semantics
given in [ACD+18], i.e. restrict the functors representing the constructors being added
to some form of container functors (as well as adding some other restrictions), thereby
only allowing strictly positive QIIT definitions.

Since a constructor is an expression in type theory and we want to express each
constructor as a container, we need to be able to interpret any expression in type
theory as some kind of container. This means that before we can start working on the
‘containerification’ of the above work, we need to construct a model of type theory
using containers. This idea has already been set out in an abstract by Altenkirch and
Kaposi [AK21], but the details of this have not yet been worked out. Von Glehn has
presented a polynomial functor model of type theory using comprehension categories
as notion of model [vGle15]. The same model was also presented by Atkey [Atk20] and
Kovacs [Kov20] using categories with families (CwFs) as notion of model. We construct
an alternative container model of type theory using CwFs, which has the same contexts
and substitutions as the latter two but different types and terms.
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3.2 Categories with Families

In this section, we state the original definition of a CwF and point out coherence issues
that arise when using this definition in intensional type theory.

Developing a notion of semantics of an algebraic theory such as MLTT is useful for
various reasons. One important reason is that having rigorous semantics provides
us with a foundation on which we can prove properties about our theory. A model
constitutes a sound semantics for a type theory, i.e. an interpretation of the type theory
such that any judgment that can be derived in the type theory can also be derived in
the semantics. Many different notions of model of type theory have been proposed over
the years, such as Cartmell’s contextual categories [Car86], Jacobs’s comprehension
categories [Jac93], and Dybjer’s CwFs [Dyb96a].

We present here the notion of model that we are interested in, namely CwFs. The main
reason we choose CwFs over other notions of model is that we would like to work in
type theory, and CwFs can be described fairly straightforwardly in this setting over
other notions which are more categorical. Indeed, one intuition for the definition of a
CwtF is the following. If we write down the intrinsic syntax of dependent type theory
as a QIIT, algebras of this signature correspond to CwFs [AK16]. By ‘intrinsic syntax’
we mean the syntax written directly in type theory as an inductive type, as opposed to
extrinsic syntax, where we’d have a notion of pre-terms, pre-types, and pre-contexts,
and a typing relation such that the well-typed terms are those pre-terms for which
there exist a pre-context and a pre-type making the relation hold. Our definition and
discussion are adapted from [Dyb96a], [Hof97], and [Kap13].

Definition 3.2.1. A category with families (CwF) consists of:

« A category C whose objects interpret contexts (I, A, . .. ) and whose morphisms in-

terpret context substitutions (A KN T,...), having a terminal object ¢ interpreting
the empty context.
+ A presheaf
Ty: C? — Set

whose object part interprets types and whose morphism part interprets type
substitution. For a substitution y: A - T, Ty y: Ty I’ — Ty A, and for A : Ty T,
we write Ty y A as Aly] (the type A substituted by y).
+ A presheaf
Tm: (f Ty)®? — Set

whose object part interprets terms and whose morphism part interprets term
substitution. For a substitution y: A — T and types A : Ty I and B : Ty A,
Tm y: Tm (I, A) — Tm (A, B), and for a : Tm (I', A), we write Tm y a as a[y]
(the term a substituted by y).
« A context comprehension operation which associates to every context I" and type

A:Ty T, acontextI'.A: |C| and

- amorphismp: 'A - T'inC,

- aterm q: Tm (T.A A[p]),
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- and a function (_, .): 3. oo, Tm (A, Afy]) — (A - T.A)
expressing that
A—TA= Z Tm (A, A[y])
y: A—>T

is a natural isomorphism. O

Intuitively, we can think of contexts as lists of terms, and substitutions as assignments
of the terms in the target context possibly using terms in the source context.

Example 3.2.2. Say we have contexts

A ={b:Bool,n:N,x : Finn}
I'={m:N,y:Finm}.

Then a substitution y: A — I" might look like
Y = ({€, suc n),if (b = true) then (fs x) else fz),

where €: A — ¢ is the unique morphism into the empty context. The substitution y
gives an assignment to the variables in I' using those in A — m is assigned the value
suc n and if b is true, then y is assigned the value fs x : Fin (suc n), otherwise it is
assigned the value fz : Fin (suc n). O

3.2.1 Coherence issues

The current state of the literature on models of type theory using CwFs as their notion
of model presents an issue when we do not assume UIP, or in other words unless we
work in an extensional setting. Several of these models, including the set model (or
standard model) and the presheaf model, do not precisely fit Definition 3.2.1 of a CwF.
We illustrate this issue via the set model below.

Example 3.2.3. The set model of type theory as a CwF is defined in extensional type
theory as follows.

+ The base category C is defined to be the category of h-sets and functions Set, so
that contexts are h-sets and substitutions are functions. The terminal object is
the h-set with one element {*}, and this represents the empty context.

« The presheaf Ty: Set°? — Set is defined on objects and morphisms as

Ty I': Set
Ty I' =T — Set

Ty(AgF): Ty - Ty A
Ty(AST)A=Aoo,

with Aoo: Ty A=A — Set.
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« The presheaf Tm: ([ Ty)°? — Set is defined on objects as
Tm (T, A): Set
Tm (T, A) = l_[Ay.
y:T

Before we define Tm on morphisms, recall the objects and morphisms of the
category ([ Ty)°P:
— Objects are pairs (I" : Set, Ty I').
— A morphism (IA) — (A, B) is a function f: A — T and a proof p :
Ty f A = B, and by the definition of Ty on morphisms, this reduces to

p:Aof =B
Sofor f: A > T'and p : Ao f = B, Tm is defined on morphisms as
Tm (T, 4) 2 (A, B)): Tm (T, A) — Tm (A, B)
(f.p)

Tm ((I'A) — (A,B))a=1d.a(f ),

where a: [[,r Ay,and § : A. Then a (f 6) is of type A (f 6) = (Ao f) 5 = BS by
p, as required.

Note: Equivalently, we could view morphisms in (f Ty)°? as f: A — T of type
(T,A) = (A,Ao f). Then

Tm (T, 4) 5 (A, Ao £)): Tm (T, A) — Tm (A, Ao f)
Tm (T, A) 5 (A Ao f))a=15.a(f5),
with a (f6) : (Ao f)J as required.

« The context comprehension operation associates to aI' : Set and an A : Ty T the
set LA of pairs (p : I, u : Ap). Then p: A — T is defined by the first projection
out of I'.A, and q : Tm (T'.A, A o p) by the second projection. O

The problem with Example 3.2.3 when not assuming UIP is that Ty I, defined as the
collection of families of h-sets over I', is no longer an h-set, which it is required to be
in order to fit within Definition 3.2.1. For the collection I’ — Set to be an h-set, the
universe of h-sets Set needs to be an h-set. If we do not assume univalence nor UIP,
whether Set is an h-set is undecided. When working in HoTT and assuming univalence,
Set is provably a groupoid and therefore not an h-set [Uni13, Theorem 7.1.11].

If we want to present the set model of type theory in a setting that is compatible with
HoTT, we cannot assume UIP. There are two directions we can take to get around the
absence of UIP.

« Approach A: We coerce the set model to fit into Definition 3.2.1 by changing
the definition of Ty T, for example by use of an encoding, so that Ty I' becomes
an h-set and we eliminate the issue.

« Approach B: We accept the higher h-level of Ty I" as a groupoid, augment
Definition 3.2.1 with some extra coherence laws, prove these coherence laws, and
present the set model as an instance of this new structure.
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The fundamental underlying issue with defining CwFs as in Definition 3.2.1 in HoTT
is that 1-categories are not a suitable formalism to use to talk about a theory where
equalities are data and not propositions, i.e. where we have proof relevance. Instead,
oo-categories do a much better job in this setting, since equality in such a theory behaves
more like an isomorphism in an co-category than a law in a 1-category. This viewpoint
motivates the definition of a model of type theory involving an co-category instead of a
1-category, which is referred to in the literature as co-CwFs. Kraus develops a notion of
an co-CwF in two-level type theory [Kra21]. Uemura uses a different notion of model,
namely natural models [Awo018], and shows that the initial co-natural model is an h-set,
although the proof is not done in type theory [Uem22].

In this thesis, we are concerned with formulating a container model of type theory, and
we do this by taking Approach B outlined above. For our purposes, since the container
model involves types that are at most groupoids, we need not consider co-CwFs, but
rather we can simply go one h-level higher than CwFs and consider groupoid CwFs.
We work in the setting of HoTT and assume univalence.

It is also possible to take Approach A and present a version of the container model
that fits into Definition 3.2.1, without assuming neither UIP nor univalence. This would
involve encoding containers via an inductive-recursive universe U : Type, El: U —
Type, and defining types as codes for containers (elements of U) so that their collection
forms an h-set. This takes care of the coherence issue explained above, and brings the
h-level of Ty I down to being an h-set. However, in the absence of univalence, another
issue crops up whereby we can only prove the functor laws of Ty up to isomorphism
and not equality. To circumvent this, we define types as also being augmented by a
substitution so that type substitution is ‘delayed’, which lets us prove the functor laws
for Ty strictly without making use of univalence. We do not focus on this approach
here and leave writing out the details of this for future work.

3.3 Groupoid Categories with Families

In this section, we explain in detail the structure and coherence laws that need to be
added to a CwF for it to accomodate for groupoids of types, which we call a groupoid
CwF (GCwF), and then we define the GCwWF of containers.

There has been some recent work done on models of type theory that allow for groupoids
of types. Chen studies CwFs whereby the collection of substitutions do not have to form
an h-set (i.e. the base category need not have hom-sets but it can have any hom-type)
[Che25]. In particular, our GCwF definition (Definition 3.3.3) is a simple example of
what Chen calls ‘2-coherent wild CwFs’ (and we also borrow the terminology ‘type
structure’ and ‘term structure’ from this preprint). Altenkirch et al. define GCwFs and
show that the initial GCwF (with II-types and a base family) is set-truncated [AKX26].
Our own GCwF definition (Definition 3.3.3) should be equivalent to that given by
Altenkirch et al., and the reason we define our own is that their formalised definition in
Agda involves some encoding techniques we did not need that would have made our
container GCwF more opaque. Van der Weide tackles the coherence issues mentioned
in the previous section for comprehension categories [vdWei25].
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Just like CwFs, our GCWF definition will start with a base category C of contexts and
substitutions. For interpreting types, we want to replace the presheaf Ty: C°? — Set
from CwFs by a presheaf going into the bicategory Gpd, whose 0-cells are groupoids,
1-cells are functors, and 2-cells are natural transformations. Since the codomain of Ty
is no longer the 1-category Set but is now a bicategory, we need to adjust our notion
of presheaf. Namely, we need to take into consideration that the functor laws stating
preservation of identity and associativity are no longer propositions (equalities on
h-sets) but h-sets (equalities on groupoids). Therefore, these functor laws need to abide
by some extra coherence laws that did not need to be mentioned in the original CwF
definition, since in that case they were properties and not data.

What we need is Ty to be a pseudofunctor in the sense of Ahrens et. al [AFM+21], in the
special case where the source category is a 1-category instead of a bicategory. However,
in our actual definition(s), we interpret Gpd synthetically, i.e. we mean hGpd, the
universe of 1-types. This makes our definition(s) more succinct. We spell out precisely
what structure Ty needs to carry in the definition below.

Definition 3.3.1. A type structure on a 1-category C consists of:

+ A map on objects Ty,: [C| — hGpd.
+ A contravariant map on morphisms Ty, : C(I', A) — Ty, A — Ty, I.

In what follows, we use the notation Ty for Ty, and —[5] for Ty, 4.

« For an object I in C and a groupoid A : Ty T, an equality

: A[ldr] ETY T A.

« For morphisms A LS s C and a groupoid A : Ty %, an equality

: Alolly] =1y a Alo oyl

+ For a morphism y: A — I' in C and a groupoid A : Ty T, the below commutative
diagrams on equalities, which we call and respectively,
known as the triangulators:

Alyl[ida] Alidr][y]

Aly oida] > Aly] Alidr oy] > Aly]

apy[_j idrc ap,p- idle

1)
+ For morphisms = — A LrSsin C and a groupoid A : Ty %, the below com-
mutative diagram on equalities, called , known as the pentagonator:
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Alollyl[é]
/ &
Alo][y o 4] Alooy][é]
Alo o (yed)] = A[(coy)od] O

apy[_| assocé

Recall from Example 3.2.3 that the coherence issues with the original CwF definition
arise when interpreting types. We note that no coherence issues arise when interpreting
terms, since the collection of terms in the case of the set model (as well as the presheaf
model and, as we will see, the container model) is in fact an h-set. This suggests that we
should not have to make any adjustments to the interpretation of terms in our GCwF
definition. While we won’t have to add any coherence laws for Tm like we did for Ty,
we still need to be careful since the definition of Tm depends on Ty and the structure
required on Ty has now changed.

The original CwF definition requires a presheaf Tm: (f Ty)°? — Set, where [ Ty is
the category of elements over Ty, and Ty is a presheaf. For our GCWF definition, we
now require Ty to be a type structure on the base category C as in Definition 3.3.1,
which makes the notion of ‘a category of elements over Ty’ imprecise. This is easily
corrected by simply looking at the ‘presheaf’ part of Ty (i.e. ignoring the triangulators
and pentagonator laws in Definition 3.3.1) and considering the category of elements
over it. We spell out precisely the structure required on Tm in the definition below.

Definition 3.3.2. A term structure on a 1-category C and a type structure Ty consists

of:

« A map on objects

Tmy : Z Ty, T — Set.
rC|

« For I, A : |C| and B : Ty, A, a contravariant map on morphisms

Tm?: n Tmy (A, B) — Tm, (T, Ty, 6 B).
§: C(T,A)

In what follows, we use the notation Tm for Tmy and —[8] for Tm; &, as well as
the previously mentioned notation (in Definition 3.3.1) for type structures. As
a convention, we use upper case letters to refer to types and lower case letters
to refer to terms, so that B[] will refer to Ty, 6 B while b[5] will refer to Tmll3 db.

e« ForT:|C|,A: Ty I',and a : Tm (T, A), an equality
: alidr] = a.

T is a dependent equality over
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« For A LN 'S Sin C,B:Ty %,and b : Tm (2, B), an equality
: blolly] = blooy].

T is a dependent equality over <>
Note that the equalities and in Definition 3.3.2 are dependent on the
equalities and from Definition 3.3.1 respectively, hence why we use the

notation = instead of =.

Lastly, our GCwF definition requires a context comprehension operation, which remains
unchanged from the one in the original CwF definition. We are now ready to give the
definition of a GCwF.

Definition 3.3.3. A groupoid category with families (GCWF) consists of:

+ A category C whose objects interpret contexts and whose morphisms interpret
context substitutions, having a terminal object interpreting the empty context.
+ A type structure over C
Ty: C® — Gpd
whose object map interprets types and whose morphism map interprets type
substitution.
« A term structure over C and Ty

Tm: (f Ty)® — Set

whose object part interprets terms and whose morphism part interprets term
substitution.
+ A context comprehension structure consisting of
— a context extension operation

.t l_[ Ty T' — |C|
€|

forT : |C| and A : Ty T, a substitution p,: C(I".A,T)
forT':|Cland A: Ty I',aterm q, : Tm (I".A, A[p])
forT',A : |C|and A : Ty I, an operation

|| ™m@ap) - c@ra
y: C(AT)

such that we have the following equalities.

spfipyolya)=y VAL TinC A: Ty Ta: Tm (A Aly])
i qu{y.a)] =a vA L F'inC,A:TyT,a: Tm (A Aly])
(1) (pao6,qul0]) =0 VA:TyTLALTA
% (0): (o,a)yoy = (o oy,aly]) VALF&ZingA:TyZ,

a : Tm(T,A[o])

T is a dependent equality over and

T is a dependent equality over <>
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Intuitively, the equalities p//, g/, (17), and in Definition 3.3.3 ensure that for I" : |C|
and A : Ty I', I'.A is a representation of the presheaf

Tm (=, Aly]): C — Set
Y: Q(_:F)

3.4 The GCwF of Containers

We now present an instance of the above definition: the GCWF of containers, based on
the container model presented in an abstract by Altenkirch and Kaposi [AK21]. All
the constructions shown in this section, as well as Definition 3.3.3, are fully formalised
in Cubical Agda and can be found at the link in [Dam25]. Our formalisation is
based on the one accompanying Altenkirch and Kaposi’s abstract [AK21]. We used
their (incomplete) formalisation as a starting point for ours. While their formalisation
included the main components of the container model, like the definitions of contexts,
types, terms, and some of the associated proofs, many other proofs were omitted. In
particular, the coherence laws required for a GCwF were not stated nor proved, and
proofs relating to terms and context comprehension were incomplete or omitted. We
remedy this by completing all the necessary constructions and proofs, which required
us to set things up differently than they did to facilitate later proofs.

3.4.1 Contexts and substitutions

We define the category of contexts and substitutions to be Cont, as defined in Defini-
tion 1.3.9, where contexts are containers

record SetCon : Type; where
constructor <« &_&
field
S:Type
P:S — Type
isSetS : isSet S
isSetP : (s: S) — isSet (P s)

and substitutions are container morphisms.

record Sub (I' A : SetCon) : Type where
constructor _<_
field
s:IT'S—A.S
p:{s[:T .S} > A.P(ss) >T.PsT

Note: We use slightly different notation here for container morphisms than that intro-
duced in Definition 1.3.9. Namely, we now call the shape map s instead of u and the
position map p instead of f, and the first argument of the position map is now implicit.

In this chapter we will refer to Cont as the category of set-containers to differentiate
them from generalised containers. Recall that every set-container S <P has an associated
functor [S < P]| : Set — Set, as defined in Definition 1.3.5.



67 CHAPTER 3. A CONTAINER MODEL OF TYPE THEORY

We also recall that associativity of composition ass and the left and right identity laws
idl and idr hold by definition, i.e. they are provable by refl.

Cont has a terminal object T < (A_ — T).

3.4.2 Types and type substitution

The type structure Ty: Cont°® — Gpd is defined as follows.

+ (Objects) For a set-container I', Ty T' is the groupoid of generalised containers over
the category of elements over [I'], denoted [[I'], as defined in Definition 1.5.1.
IfA: Ty T, then A =Sy <y P4 with Sy : Set, P4: Sy — |f[[F]]|, where we break
apart the latter into 3 components as shown below.

SA : Set
PX: S5 — Set
le: SA — Sr

Pi;: HPF(Pj\S) —>Pj\(s

S:SA

In our formalisation, we represent the above 4 components as the 3 components
S, P, and Q below. These distinct formulations of a generalised container are
equivalent; the above is the fibred way while the below is the indexed way of
expressing the same data.’

record GenCon (T : SetCon) : Type; where

no-eta-equality

field
S:T'.S — Type
P:{sT:T .S} — S sT — Type
Q:{s[:T.S}(s:SsI) >T.PsT —>Ps
isSetS: {s[': T .S} — isSet (S sT)
isSetP: {s[': T .S} {s:S s} — isSet (P s)

So the object part of Ty is defined as GenCon, and if A : Ty T, then by definition
A : GenConT.
« (Morphisms) Given a substitution y: A — T and a type A : Ty I, we define
Aly] : Ty Aas Aly] = Sapy] <1 Pafy)> where
SA[Y] : Set
X
PA[Y]: SA[Y] — Set

Pj}[y]: SA[},] — Sh

2To see precisely how they are equivalent: given an indexed generalised container S, P, Q, we define
Sa = Yr.s ST, Pj‘( (sT,s) = P{sT'}s, P (sT,s) := sT, and Pj: (sT,s)p == Q{sT'}sp. Given a fibred
generalised container Sy, Pff, P, PIJ;, we set SsI' = X 4, (Pj‘ sA = sT), P{sT'} (sA,e) = PX sA, and
Q{sT} (sA,e) pT = P£ sA pT', with the last definition typechecking up to e.
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f . S X
Pyt | ] Pa@yy9) = Py s.

S:SA[)/]

Sa[y) is defined as the below pullback.

SA[y] 5 5,

N

SAT>SF

ij[y] is defined roughly® as the below pushout in h-sets (or set-pushout), for a

fixed s : Sa[y) with projections sp and sa.

Pl];sA 0%
Pr(ys(sas)) ————— Py (sas)

Yp (sa S)\L \Linr
r

Pa (sp8) > Pj‘{[y] s

inl
The other components can then be read off from these squares: Pj‘[y] is defined

as sp, and PZ[Y] is defined as A - — inl.

In our formalisation, we adapt the above (written in the fibred setting) to the
indexed setting. By going through the equivalence between the two, we obtain
the below components for A[y].

S:A.S — Type
SsA=A.S(y.ssA)

The family S completely encapsulates the pullback square of S4[,). This is the
main advantage of switching to the indexed setting: we are able to represent
pullbacks as families instead of as a >-type, and by doing so, we get many more
strict equalities which significantly simplify later proofs.

P: {sA:A.S} — SsA — Type
P s := SetPushout(y .p)(A.Qs)

The P component is a pushout in h-sets. Pictorially, it is the below pushout square.

T.P(y.ssh) —225 A ps

It is a well-known fact that pushouts of h-sets need not be h-sets. In this case, we
want to take the pushout in Set, which is equivalent to taking the pushout and
then set-truncating it. Indeed, SetPushout is defined as

3This square technically does not typecheck, since Pf; s4 does not have the correct type. It only
typechecks up to the commutativity of the pullback square defining Saj,.
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SetPushout : {A: Type ¢} {B: Type £’} {C: Type £”}
(f:A—>B)(g: A— C) — Type _
SetPushout f g = || Pushout f g ||,

where Pushout is defined in the Cubical Agda standard library as the follow-
ing HIT

data Pushout {A: Type £} {B: Type £’} {C: Type £}
(f:A—> B)(g: A— C): Type (£-max £ (-max £’ £7))
where
inl : B— Pushout f g
inr: C — Pushout f g
push : (a: A) — inl (f a) = inr (g a)

and set-truncation ||_||, is also defined in the standard library as a QIT.

data ||_||, {£} (A: Type ¢) : Type £ where
L A=l AL
squash, : V(x y: |[[All) (pg:x=y) > p=g
We also define an elimination principle for SetPushout into an h-set which will
be useful later on.

elimSetPushout : {A: Type £} {B:Type ¢’} {C: Type £”}
(f:A—>B)(g:A— 0
(X : SetPushout f g — Type £7) —
((p : SetPushout f g) — isSet (X p)) —
(inl’:(b:B)— X (] inl b|,))
(inr’: (c: C) = X (] inrc|,))
(push’: (a: A) — PathP (A i — X (| push ail,))

(inl” (f @) (inr’ (g @) —

(x : SetPushout f g) — X x

For the most part the eliminator is defined in the ‘usual way’, i.e. it calls the
relevant function for each constructor of SetPushout, except for the case of
squash,, for which we note that elimSetPushout does not require an input. In
this case we use the fact that we eliminate into an h-set to show that the predicate
X holds on this constructor.

Q: {sA:A.S}(s: ASsA) > A.PsA — Ps
QspA:=|inl pA |,
The Q component is an element of P, which by the indexed-fibred translation is

defined as the PIJ;[Y] component.

3.4.3 Ty preserves identity and composition

Prerequisites

In order to show that Ty preserves identity ( ) and composition ( ), we need
to establish some groundwork for GenCons first. We define a univalence principle
specifically for the type GenCon, which we call uaGenCon.
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uaGenCon : VY {T} {AB:GenConT} — (A ~GenCon B) > A= B

uaGenCon takes an equivalence on GenCons and turns it into an equality. An equiva-
lence between two generalised containers, that are both in some context I, consists of an
equivalence s>~ between their S components, an equivalence p=~ of their P components
up to s=, and an equality q= between their Q components up to p=. That the isSetS
and isSetP components agree follows automatically from the fact that for any type X,
isSet X is a proposition, so we don’t require any proofs for these components.

record ~GenCon_{T} (A B: GenConT): Type where
field

s~:(s[':T.S)—>A.Ss['~B.SsI

p=:(s:2[s[ e S](ASsI)) —
A P {fst s} (snd s) =~ B.P {fst s} (fst (s~ (fst s)) (snd s))
q=:(sST:T.S)(sA:ASsT)(pI': T .P ') —

fst (p~_) (A.Q {sT'} sApI') =B.Q {sI'} _pl

To prove uaGenCon, we new a few lemmas. First, we need reflexivity of -~GenCon_.

Lemma 3.4.1 (id~GenCon). For any A : GenCon I', A~GenCon A.
Proof. The s~ and p=~ components are just the identity equivalence, and q= is refl. [

Next, we need to define an eliminator of equivalences on GenCons.

Lemma 3.4.2 (J~GenCon). Fix an A : GenCon I'. If a motive
M: (B: GenConT) — A~GenCon B — Type _

holds on A and id~GenCon A, then it holds for all B : GenCon I" and eq : A ~GenCon B.

Proof. We prove this using the usual path induction J, combined with an eliminator of
families of equivalences:

famEquiv) : {C: Type £} {B: C — Type ¢}
(P:(A:C—Typet)(e:(c:C)—>Ac~Bc)— Typet’) —
P B (A ¢ — idEquiv (B ¢)) —
{A:C— Typet}(e:(c:C)— Ac~Bc)—>PAe

The proof of famEquiv] itself does not involve GenCons and is a general theorem
on equivalences, so we omit the proof here and refer the interested reader to our
formalisation. ]

We can now prove uaGenCon.

Proof of uaGenCon. We make use of the fundamental theorem of identity types [Rij25],
which states that if a relation R on a type A is

1. reflexive: Vx : A, Rx x, and
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2. Vx : A, Zy: 4 Rxy is contractible,
then Vx,y: A, (x = y) ~ (Rxy).

If we set R to _~~GenCon_, property (1) reduces to id~GenCon. We can show property
(2) for any A : GenCon T by setting the centre of contraction to (A, id~GenCon A), and
then using J~GenCon with

M :=ABe — (A, id~GenCon A) = (B, e)

to show its uniqueness.

Now we have that VA, B : GenConT, (A = B) ~ (A ~GenCon B). Therefore to obtain an
equality between A and B, we simply take the inverse direction of this equivalence. [

Proofs of and

We are now ready to prove and . We note that these proofs are not merely
properties but data, since we will be proving coherence laws about them later on.

( ) We show
:V{T}(A: Ty T') — Alidr] = A.

We prove as
A = uaGenCon ([id]T-eq A)

so that we can focus on constructing an equivalence
[id]T-eq: V{I'} A — A[idr] *GenCon A,

and uaGenCon will turn it into an equality.
We now construct the s~, p~, and q= components of [id]T-eq. Firstly, for sT" : T .S,
Alidr] .SsT'=A .S (idr .s sT') = A .S sT by definition of A[—] and idr, so

s~: Alidr] .SsI' ~ A .S sT

can be defined as the identity equivalence. Secondly, we show that for sI" : I .S and
sA: A .SsT,
p=~: SetPushout id (A.QsA) ~ A .PsA.

Pictorially, what we need to show is that the below pushout is equivalent to A .P sA.

I psT 224 A psa

L]

rpPsI' ——— =

We make use of a lemma stating that in general, if the left morphism of a set-pushout
square is id where the top-right corner is an h-set, then the square is equivalent to its
top-right corner.
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Lemma 3.4.3 (pushoutldlEq). For any type A and h-set B, and for any f: A — B,
SetPushout id f =~ B:

b

> B

id \l/‘ inr—|

—— > SetPushout id f

[ inl =]

b
1R
o5 ]

Proof. We do this by constructing an isomorphism between the two, and then turning
this into an equivalence using isoToEquiv. For this isomorphism, we define the below
components.

« a: SetPushout id f — B sends

linlal|, — fa
lintb |, — b
| push a |, > refl
via elimSetPushout.
« f: B — SetPushout id f sends b - | inr b |.
« That a o § = id holds by refl.
« To prove that V(x : SetPushout id f), f (@ x) = x, we use elimSetPushout. We

are eliminating into an h-set since an equality on SetPushouts is a proposition.
For the inl and push cases, we call push on different path variables. [

Going back to our p~ component, this can now be defined using pushoutldIEq for
f =A.QsA, where B is the h-set A .P sA. Lastly we show that for sT' : T".S, sA : A .SsT,
and pT : T .PsT,

qg=:a(]inlpT |;) = A.QsApl

where « is the function in the proof of Lemma 3.4.3. Since in our proof of p~ we set
f=A.QsA, then a (| inl pT" |;) = A.QsApI, and g= holds by refl. This concludes our
proof.

( ) We show
:V{TA®}(A: Ty ©) (0 :SubA®) (5:SubT A) — A[0][5] = A[0 0 F].

We prove as
A 66 :=uaGenCon ([0]T-eq A8 )

so that we can focus on constructing an equivalence
[0]T-eq: ViITA®} A O 5 — A[0][5] ~GenCon A[0 o 6],

and uaGenCon will turn it into an equality.

We construct the s~, p=~, and q= components of [o]T-eq. Firstly, for sT' : T'.S,

s=: (A[6])[8].SsT =~ A[0 0 8] .SsT,
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By definition of —[—] and composition of container morphisms, both sides are equal to
A.S (0.5 (6 .ssT)), and therefore s~ can be defined as the identity equivalence. Secondly,
forsT' :T.SandsA: A.S(6.s(d.ssT')), we show

p=: SetPushout (§.p) (| inl — |,) =~ SetPushout ((6.p) o (§.p)) (A.QsA).
Pictorially, what we need to show is the below equivalence.

A.QsA

O.P(O.s(5.ss)) —> APsA
0. (0.000)| l ©.P(0.5(5.55T)) 2245 4 psa
r ~
AP (6.ssT) ﬁ * = 9.p(5.p{sr})\l/ i
inl—|, -
§.p{sT'} \L I'.PsT > %
| r /
I' . PsI’ S %

We use a lemma that essentially proves pushout pasting: in general, taking the Set-
Pushout twice is equivalent to taking it once on the composite vertical morphisms.

Lemma 3.4.4 (pushoutCompEq). ForanytypesA,B,C,D,andanyf: A — B,g: A — C,
and h: B — D, SetPushout {B} {D} {SetPushout f g} h (| inl — |;) ~ SetPushout (h o
Ny

A J s C

1 Jyr- A ——C

B T} SetPushout f g = hofl Linr_h

hl l| inr—|; D m} SetPushout (ho f) g

D W} SetPushouthl inl — |2
Inl—=fz

Proof. We construct an isomorphism between the two SetPushouts, and then turn

this into an equivalence via isoToEquiv. For this isomorphism, we define the below
components.

« a: SetPushout {B} {D} {SetPushout f g} h (| inl — |;) — SetPushout(ho f)g
sends

| inld |, — | inld ]|,
linr ([ inlb[2) |2 = [inl(hb) |,
| inr (| inrc|y) |z |inrcl;
|inr (| pushaly) |» = Ai — | push (ai) |,
| push b |, > refl

via elimSetPushout, used once to split on the outer cases, and once to split on
the inr cases.
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« f: SetPushout (h o f) g — SetPushout {B} {D} {SetPushout f g} h(|inl — |5)
sends

|inld |, — | inld ]|,
|inrcly > |inr(Jinrcls) |2

| pushal, > Ai — cmp

where cmp is the set-truncation (| - |,) of an hcomp of a partial square whose
left side is inl (h (f a)), whose right side is inr (| push a j |;) (for a path variable
Jj), and whose base is push (f a) i.

To show that a o f = id and f o a = id, we use elimSetPushout in both cases. We omit
the proofs here but the full proof of this lemma can be found in our formalisation. [

Thanks to the above lemma, the p~ component can be defined using pushoutCompEq
for f == 0.p, g = A.QsA, and h = §.p. Lastly, we show that for sI" : T.S, sA :
AS@.s(d.ss)),and pT" : T .PsT,

q=: a(|inlpl ;) = |inlpT |y,

where « is as defined in Lemma 3.4.4. By definition of «, this is provable by refl. This
concludes our proof.

3.4.4 Ty preserves identity and composition coherently

Prerequisites

Before we prove the coherence laws , , and , it is once
again helpful to do some preliminary work first. Similarly to how we previously
defined uaGenCon to focus on constructing equivalences of GenCons, we now define
uaGenConSquare to be able to shift our proof goal from a square of equalities on
GenCons to a square of equivalences of GenCons.

uaGenConSquare : Y {T'} {AB:GenConT} (b: A ~GenCon B)
{D:GenConT} (r: B~GenCon D)
{C:GenConT} (I: A=~GenCon C) (t : C ~GenCon D) —
~GenConSquare btlr —
Square (uaGenCon b)
(uaGenCon t)
(uaGenCon )
(uaGenCon r)

uaGenConSquare takes a square of equivalences of GenCons and turns it into a Square
of paths via uaGenCon. Therefore, we need to establish what a square of equivalences
of GenCons is. We define the record type ~GenConSquare which takes as input
equivalences b, t, [, and r for the bottom, top, left, and right edges of a square respectively.
Its definition is broken down below.
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record ~GenConSquare {T'} {ABC D:GenCon T}
(b: A=GenCon B) (t: C ~GenCon D)
(I: A=GenCon C) (r: B~GenCon D) : Type where
field

For the s-eq component, we look at the first component (or the left-to-right map, called
equivFun in Cubical Agda) of the .s=~ component of each input, and require that
t o lis equal to r o b. This equality is on the type D .S sT.

seq:(s[':T.S)(sA: A.SsT) —
equivFun (¢ .s=~ sT') (equivFun (I .s=~ sT') sA) =
equivFun (r .s=~ sT') (equivFun (b .s=~ sI') sA)

For the p-eq component, we look at the first component of the .p~ component of each
input. We once again require that ¢t o [ is equal to r o b, but now these two live in
different types, so we will need a heterogenous equality between them, i.e. a PathP.
This equality is on the type D .P (s-eq sI' sAi) for some path variable i.

p-eq: (sT:T.S)(sA: A.SsT) (pA: A.PsA) —
PathP (1 i — D .P (s-eq sT" sA i))
(equivFun (t .p= (sI', equivFun (I .s= sT') sA))
(equivFun (I .p= (sI", sA)) pA))
(equivFun (r .p=~ (sI", equivFun (b .5~ sI') sA))
(equivFun (b .p=~ (sI", sA)) pA))

For the g-eq component, we look at the .q= component of each input, which in each
case is an equality on the .P component of either B, C, or D. We still require that ¢ o [ is
equal to r o b, but in order to get an equality that typechecks we need a SquareP, with
the equality being on the type D .P (s-eqsT' sA i) for some path variables i and j (where
j is not used in the type).

qgeq:(s':T.S)(sA:ASsI)(pl': T .PsI') —
SquareP
(Aij— D.P(s-eq sl sAi))
(A k — equivFun (t .p=~ (sT", .)) (I .q= sT sA pI k))
(r .q= sI' (equivFun (b .s= sT') sA) pI')
(p-eq sI' SA (A .Q sA pI') »
Ak — equivFun (r .p=~ (sT", ) (b.q= sT sA pI k))
(t.q= sT (equivFun (I .s=~ sT') sA) pI' «
(Ai— D.Q (s-eq sI' sA i) pI'))

Before we prove uaGenConSquare, we prove an important lemma: that uaGenCon on
the identity equivalence computes to refl.

Lemma 3.4.5 (uaGenConld). For any A : GenConT,

uaGenCon (id~GenCon A) = refl.
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Proof. Assume we have A : GenConI'. We once again use the fundamental theorem of
identity types we used in the proof of uaGenCon in Section 3.4.3. In that proof, after
applying the aformentioned theorem, we obtained

e: Y(A,B:GenConT), (A = B) ~ (A~GenCon B),

where recall that we defined the inverse map of the first component of e A B to be
uaGenCon A B. Now if we write e A A, we get an equivalence

é:(A=A) =~ (A=GenConA).

Call its first component f : (A= A) — (A=GenCon A), and call its second component
p. p states that V(e: A~GenCon A), Zq:AEA((f q) = e€) is contractible (since in the
Cubical Agda library, equivalence is defined in terms of uniqueness of fibres).
Explicitly,

po |1 Dlew: Y (fa=0)

e:A~GenCon A q:A=A

([T(@.mr: Y, (Fa=0)ah =d.m)

q A=A
Then
p (id~GenCon A) .snd (refl, transportRefl _) : (g, h) = (refl, transportRefl )

and by uaGenCon'’s definition, g = uaGenCon (id~GenCon A). So the first projection
of the above gives us that uaGenCon (id~GenCon A) = refl. [

We are now ready to prove uaGenConSquare.

Proof of uaGenConSquare. The order in which we stated the arguments for uaGen-
ConSquare should make it clear that we can use J~GenCon three times, to turn each
one of b, r, and [ into the identity equivalence in our proof goal. Eventually, we end up
having to prove the below.

aux: (t : A~GenCon A) —
~GenConSquare (id~GenCon A) t (id~GenCon A) (id~GenCon A) —
Square
(uaGenCon (id~GenCon A))
(uaGenCont)
(uaGenCon (id~GenCon A))
(uaGenCon (id~GenCon A))

To prove this, first we show e : (id~GenCon A) = ¢, by using the components of the
~GenConSquare we get as input. Then, by definition of Square we have that

cong uaGenCon e : Square
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(uaGenCon (id~=GenCon A))
(uaGenCont)

refl

refl

and we also know that

sym (uaGenConld A) : refl = uaGenCon (id~GenCon A)

so by subst the theorem holds. [

We will need another lemma stating that if two GenCons are equivalent, they remain
equivalent after the same type substitution is applied to both.

Lemma 3.4.6 (cong[_]). Given a substitutiony: A — T,
V{A,B: GenConT} — A~GenCon B — A[y] ~GenCon Bly].

Proof. Assume A, B, and e : A~GenCon B. We construct the required ~GenCon as
follows.

« For the s~ component, given sA : A .S, we need an equivalence A.S (y.ssA) ~
B.S (y .ssA). We have such an equivalence: e .s=~ (y .s sA).

« For the p~ component, given sA : A.S and sA : A.S (y.ssA), we need an equiva-
lence

setPushout (y .p) (A.QsA) =~ setPushout (y.p) (B.Q (e.s= (y.ssA) .fst sA)).

We know that A.Q and B.Q are equal up to (e .p=~) by (e .q=), so this equivalence
can be obtained by constructing an isomorphism between the setPushouts above
using (e .p~) and (e .q=), and then applying isoToEquiv at the end.

« The q= component involves proving | inl pA |, = | inl pA |, for some pA, which
is provable by refl. O

We also prove that cong[_] acts in the expected ways: cong[y] on the identity equiva-
lence is the identity equivalence (Lemma 3.4.7), and applying uaGenCon to an equiva-

lence produced by cong|[_] is the same as applying cong to an equivalence produced by
uaGenCon (Lemma 3.4.8).

Lemma 3.4.7 (cong[_]ld).
cong[y] (id~GenCon A) = id~GenCon (A[y]).

Proof. We introduce a path variable i and construct a GenCon equivalence of type
Aly] =GenCon A[y] as follows.

« For the s~ component, given sA : A.S, we need an equivalence A.S (y.ssA)
~GenCon A .S (y .ssA) whose boundary is idEquiv _ on both sides, so we con-
struct it using idEquiv.
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« For the p=~ component, given sA : A.S and sA : A.S (y .ssA), we need an equiva-
lence (SetPushout (y.p) (A.QsA)) ~GenCon (SetPushout (y.p) (A.QsA)). Its
boundary on the left hand side is isoToEquiv x, where x is an isomorphism of
SetPushouts constructed as described in the p~ component of Lemma 3.4.6, and
on the right hand side is idEquiv (SetPushout (y.p) (A.QsA)). To show two
equivalences are equal, we only need to show that their first components (or
equivFuns) are equal (since being an equivalence is a proposition), and we do so
by using elimSetPushout.

« For the q= component, we need to show | inl pA [, = | inl pA |, for some pA, with
both boundaries being i — | inl pA |,. This is provable by refl. O]

Lemma 3.4.8. Forany A,B: GenConT,y: A —» T, ande : A~GenCon B,

cong (LA — Aly]) (uaGenCone) = uaGenCon (cong[y] e).

Proof. We use J~GenCon A M, with
= (ABe — cong (AA — Aly]) (uaGenCone) = uaGenCon (cong[y]e).

That M holds on A and (id~GenCon A) follows from Lemmas 3.4.5 and 3.4.7. O]

Proofs of , , and

We start off by proving the triangulators.

(Triangulators) We check left and right higher coherence laws for . Namely, if we
assume y: A — I' and A : Ty I', we need to show the below triangles commute. The
left diagram is called and the right diagram is called
Alidr] [ 1dA
A ldr/ Y{ Iy1 ( 4) Ayui/ \ Aly]
A[ldr OY] ap 4y idlcont A[}/ ° ldA] ap4[-] idrcont

We give here the proof of , the proof of follows the same general
blueprint. Both proofs are fully written out in our formalisation.

( )Given A : Ty T' and y: A — T, we show that the below diagram of
equalities between GenCons commutes.

Alidr][y]
A idr/ Y—m ( A)
Alidr oy] Aly]

apA[_] idlCont

Since we work in Cubical Agda, we start off by stating the above triangle as a
Square with one side being refl.

V{[LA}JA: Ty I) (y: A—>T) —



79 CHAPTER 3. A CONTAINER MODEL OF TYPE THEORY

Square
(Ai—>( Ai) [y]) - bottom
(Ai — Alidlcont i]) - top
( Aidr y) - left
refl -- right

This can be drawn pictorially as the below square.

A i Alidlgont i]

Alidr oy] > Aly]
A idr yT Treﬂ (3.4.9)
Aldr Yl — =2 Al

In our case, we have that definitionally, the top-left corner is A[y] and the top arrow is
refl. Moreover, we can take advantage of the groundwork we constructed earlier for
GenCons to express each arrow in the above square to be of the form uaGenCon.. .,
as below.

uaGenCon (id~GenCon A[y])
Aly] > Alyl

uaGenCon uaGenCon (3.4.10)
([c]T-eqA idr y) (id~GenCon A[y])

A[idr] [Y] uaGenCon (cong[y] ([id]T-eq A))> A[y]

We will be precise about how squares 3.4.9 and 3.4.10 are equal later. At this point, we
use uaGenConSquare to shift our goal to constructing the ~GenConSquare below.

sqGenCon : ~GenConSquare
(cong[y] ([id]T-eqA)) -- bottom
(id=GenCon A[y]) -- top
([c]T-eq A idr y) -- left
(id~GenCon A[y]) -- right

We construct sqGenCon’s components as follows.

« For s-eq, since (id~GenCon A[y]) .s=~ is the identity equivalence, we have to
prove that given sA : A.Sand sA: A.S (y.ssA),

(([o]T-eq A idr y) .s~sA) .fst sA = ((cong[y] ([id]T-eq A)) .s=~sA) .fst sA.

By definition these are both the identity equivalence on sA, so this is provable by
refl.

« For p-eq, weassume sA : A.S,sA: A.S(y.ssA),and p : SetPushout (y.p) (] inl —
|2). Recall that p-eq is a PathP over s-eq, which in this case is refl, so p-eq now
becomes a homogenous equation. We need to show that

pushoutCompEq id (A.QsA) (y.p) .fstp =
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cong[y] ([id]T-eqA) .p= (sA, sA)) .fst p.

We do this by applying elimSetPushout to eliminate out of p. In the inr’ case of
elimSetPushout, we once again apply elimSetPushout .

« For g-eq, our goal boils down to constructing a Square where every edge is refl,
which after introducing a path variable i can be proved by refl.

So we now have square 3.4.10. To get square 3.4.9, we note that

« (bottom) uaGenCon (cong[y] ([id]T-eqA)) = cong (LA — Aly]) ( A) holds
by Lemma 3.4.8.

« (top) uaGenCon (id~GenCon A[y]) = refl by uaGenConld

« (left) uaGenCon ([o]T-eq A idr y) = A idr y by definition

« (right) same as (top).

Therefore we can get 3.4.9 by transporting over a Square with the above mentioned
edges. This concludes our proof of

We now move on to proving the pentagonator law.
(Pentagonator, ) We check a higher coherence law for , which we call

1) 0
. Namely, if we assume = LN I' 5 A — ©and A : Ty ©, then we need to

show that the below pentagon commutes.

A[0][5][y]

(A[6]) 8y N} A6 )

Al0][5 o] A[0 0 d][y]

Af (m / A(008)y

Alfo (Soy)] > A[(0 0 d) oy]

apa[_] assOCCont

We start off by stating the above pentagon as a Square. We will have to adjust for
having less edges by composing two arrows, as shown below.

V{ITAG,E}(A: Ty ©®) (: A > 0)(5: T - A)(y: E - 1)
Square

( (A[6]) 6y) - bottom

( A(00d)y)-—top

(Ai—( A06iQ) [y]) - left

(( AB(Soy)) e (Ai— Alassoccent (~ i)])) - right

The reason we set up the Square this way is that in our case, assoccont is refl, so the
composition in the right edge will disappear. We can draw the Square as shown below.
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A(008) y

A[608][y] > A[(006) oyl
H i ([o]r, A6 (8oy)) o 3.4.11
Ai—( A0S [y] (Ai—A[assoccont (~1)]) ( :
A01[8][y] e, Alollsey]

Since assoccont is refl, and using our previously defined helper functions, we can redraw
this square so that every arrow is in terms of uaGenCon as follows.

uaGenCon ([0]T-eq A (806) y)

A[0 0 d][y] > A0 ooy
uaGenCon uaGenCon
(cong[y] ([c]T-eq A6 5)) ([c]T-eq A8 (S0y))
Al0][5]1y] > A[0][ o y]

uaGenCon ([0]T-eq (A[6]) 6y)

(3.4.12)
We now use uaGenConSquare to shift our goal to constructing the ~GenConSquare
below.

sqGenCon :=GenConSquare
([c]T-eq (A[B]) §y) -- bottom
([c]T-eqA (6 0 8)y) - top
(cong[y] ([c]T-eq A6 5)) - left
([0]T-eqAO (S oy)) - right

We construct sqGenCon as follows.

« For s-eq, given s= : E.Sand sA : A.S(0.5(5.s(y.ssE))), since the definition
of the s~ component of [o]T-eq is idEquiv, we just need to show that sA = sA
which we prove by refl.

« For p-eq, we assume sE : 2.5,sA: A.S(0.s (5.5 (y.ssE))), and

p : SetPushout {T'.P (y .ssE)} {E .PsE}
{SetPushout {A.P (§.5(y.ssE))}{T'.P(y.ss=)}
{SetPushout {®.P (8.5 (§.s(y.ssE)))}

{A.P(6.s5(y.ssE))}
(A .PsA)

(0.p) (A.QsA)}
(8.p) (inl = )}
(y-p) (linl = |2).
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Note that p is a pasting of 3 SetPushouts. Since p-eq is a PathP over s-eq and we
just defined this to be refl, p-eq becomes the below homogenous equation.

pushoutCompEq ((§.p) o (6.p)) (A.QsA) (y.p) .fstp =
pushoutCompEq (0 .p) (A.QsA) ((y.p) o (6.p)) .fst
(pushoutCompEq (8.p) (| inl = |2) (y.p) .fstp)

where p is p coerced into a pasting of 2 SetPushout squares, with the top 2 squares
composed together:

p : SetPushout {T'.P (y .ssE)} {E.PsE}

{SetPushout {®.P (0.5 (§.s(y.ssE)))H{T .P(y.ssE)}
(A .PsA)

((6.p) o (6.p)) (A.QsA)}
(y-p) ([inl = [2).

We prove this by applying elimSetPushout 3 times, first applying it to p, and with
subsequent applications nested inside each other for the inr’ cases.

« For g-eq, our goal boils down to constructing a Square where every edge is refl,
which after introducing a path variable i can be proved by refl.

We now have square 3.4.12. To get square 3.4.11, we note that
« (bottom) uaGenCon ([o]T-eq (A[0])dy) = (A[0]) S y by definition
+ (top) uaGenCon ([c]T-eqA (00 ) y) = A (6 0 9) y by definition
+ (left) uaGenCon (cong[y] ([c]T-eqAB85)) = cong(LA — Aly]) ( AB9)
holds by Lemma 3.4.8
« (right) uaGenCon([c]T-eqA @ (5 o y)) = ( AfB(Soy)) e cong(AX —
A[X]) (symassoccont) by rUnit : Vp,p = p e refl.

Therefore we get 3.4.11 by transporting over a Square with the above mentioned edges.
This concludes our proof of

3.4.5 Terms and term substitution

Before we define terms and term substitution, we recall that every A : Ty T gives rise
to a functor from the category of elements of [I'] to the category of h-sets, whose
definition on objects we explicitly write down below.

[A]: J[T] — Set
[A] (X, (ST, pD)) = > (JIT](PasA, (X, (ST, pD))))

SAZSA

= Z(f:Pifs—>X) — (lesAEsF)X(foPﬁsAEpF)
SA:Sa

for sT" : Sp,pT': PrsI' — X.

We also state a covariant and dependent version of the Yoneda lemma.
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Theorem 3.4.13 (Covariant dependent Yoneda lemma). Given a category C, a functor
F: C — Set, a functor A: ([ F) — Set, an objectI : |C|, and ¢ : F I, we have a natural
isomorphism

/ (i: C(, X)) » AX, (Fi)p) = A(I, p).
X:|C|

The term structure Tm: (f Ty)°P — Set is defined as follows.

+ (Objects) For a set-container I" and a generalised container A : Ty T, Tm (T, A) is
the set of dependent natural transformations [I'] — [A]. If a : Tm (T, A), then

o [ 110 - 1A Gy
X:Set
such that for f: X — Y in Set, the below dependent square commutes.

((sT, pT) : [I] X) —=— [A] (X, (T’ pT))

Irls| iz

(T, fropD) : [T]Y) —— [A[(Y, (s, f o p'))

We can rewrite the type of a by using the covariant dependent Yoneda lemma
(Theorem 3.4.13) as follows.

a: /X :Set((sr, pO) = Y (Prys — X)) — [A] (X, (T, pI))

SF:SF

= (sT':Sr) — " (pT': PrsT — X) — ([A] (X, (sT, pI)))

= (sT': Sr) — [A] (PrsT, (sT,id))
=(s[:Sp) — Z (pA: PXSA — PrsT) — (P} sq = sI') X (pAOPf:sA = id)

SA:Sa
= ) (ﬁ,:(sT:Sr)—>Pf§(fssT)—>Prsr)—>
fs: Sr—Sa
((sF:SF)—>Pj\(fssl“)EsI‘)x((sF:Sr)—>(ﬁ,sI‘)O(Pi;(fssF))Eid).

(3.4.14)

We can simplify the above type further by going through the indexed-fibred
translation detailed in Section 3.4.2. After doing this, we end up with Tm (T, A)
having the below components.

record Tm (I : SetCon) (A : GenCon T') : Type where
field
S:(s[':T.S)—> A.SsT
P:{s':T .S} > AP(Ss[)>T.PsT
Q:{s[:T .S} {pl':T .PsT} - pI'=P (A.Q (S sT) pl)
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« (Morphisms) Given a substitution y: A — T, atype A : Ty T, and a term a :
Tm (T, A), we define a[y] : Tm (A, A[y]) as having the below components.

S: (sA:AS) — Aly] .SsA
SsA=a.S(y.ssA)

The S component of a[y] is defined as a’s S component composed with y’s s
component.
P: {sA:A.S} — Aly] .P(SsA) —» A.PsA

The P component of a[y] is a map out of a SetPushout into an h-set, so we define
it using elimSetPushout with the maps

|inrpAls > y.p(a.PpA)
| push _[2 + cong (y.p) (a.Q).

Since A.Q _p = inlp|,, the Q component of a[y] is just refl.
Q: {sA: A.SH{pA:A.PsA} — pA =P (A.Q(SsA)pA)
Q = refl

We omit the proofs of Tm preserving identity ( ) and composition ( ) here,
but the interested reader can refer to our formalisation [Dam25].

3.4.6 Context comprehension

For a context I and a type A : Ty T', we define a context I".A : SetCon of I" extended by
A, having the below components.

S : Type
5= AS
T.S

P:S — Type
P(sT,sA) =A.PsA
Both components are clearly h-sets.

We define a substitution p: Sub (I'.A) I' made up of the following shape and position
maps.

s: (TLA).S—>T.S
s(s[,sA) ==sI
p: {§:(I'"A).S} »T.P(ss5) > (I'.A).Ps
p {s[,sA} pI' = A.QsApT
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We define a term q : Tm (I'.A) (A[p]) having the following components.

S: (s:(I.A).S) > A.S(fsts)
S(sT,sA) =sA

P: {s:([.A).S} — SetPushout (A.Q(fsts)) (A.Q(fsts)) > A.PsA

The P component maps a SetPushout to the h-set A.P sA, so we define it using elimSet-
Pushout, with the maps

| inrpAl, — pA

| push _|; > refl.

Q: {s: (T.A) S} {pA: AP (snds)} — pA=pA
Q = refl

Lastly, for a substitution y: A — I', atype A : Ty I, and a term a : Tm (A, A[y]), we
define a context substitution

(y,a) : SubA (T.A)
with components

s: NS — (T.A).S
ssA = (y.ssA,a.SsA)

p: {sA:A.S} — (T.A).P(ssA) - A.PsA
pq=a.Plinrqls.

We omit the proofs of the equalities p//, q/, (1), and here, but the interested reader
can find them in our formalisation [Dam25].

3.4.7 Type formers

Now that we established that containers form a GCwF, we can ask whether this model
of type theory supports type formers we might be interested, such as dependent sums,
dependent products, the identity type, and universes. We leave most of this for future
work, but we discuss our brief investigation into dependent sums and products.

Definition 3.4.15. A (G)CwF has dependent sums, or 2-types, if for every context I'
in C and types A : Ty I and B : Ty (I".A), there is a context ~ A B in C such that the
following isomorphism holds and is natural in T

Tm (I,XAB) = (a: Tm(T,A)) X Tm (T, B[(id, a)])
and for y: A — T, the below substitution law holds.

S ABly]l =2 (Aly]) (B[{y e p,)D- O
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We conjecture that the container GCwF has dependent sums. Given a set-container
I' and generalised containers A : Ty I' and B : Ty (I'.A), we define the generalised
container X AB : Ty T as follows.

SsaB =SB
X . pX
Psap=Pp
Py ap=Fj 0Py

PL, os=(PLs)o Pl (Pys)

Definition 3.4.16. A (G)CwF has dependent products, or II-types, if for every context I'
in C and types A : Ty I and B : Ty (I'.A), there is a context II A B in C such that the
following isomorphism holds and is natural in T

Tm (T,TIAB) = Tm (T.A, B)
and for y: A — T, the below substitution law holds.

IMAB[y] =1 (Aly]) (B[{y o p, @) ])- O

It is still unclear to us whether it is the case that the container GCwF has dependent
products, and our investigation so far seems to suggest that we might not have depen-
dent products in general. Conditions under which we could have dependent products
between given types A and B are still being looked into.

3.5 Specifying QIITs using Containers

Having constructed a container model of type theory, we describe our brief exploration
of giving semantics for QIITs via containers. This section is meant to act as a starting
point for future research in this direction.

As we already started discussing in Section 3.1, we do not have a way of expressing
a (Q)IIT’s signature as an endofunctor, due to the high level of dependency allowed
between sorts. Altenkirch et al. [ACD+18] propose a new approach for expressing a
QIIT’s signature. We illustrate this approach via an example: the Con-Ty QIIT we saw
earlier in Section 3.1.

data Con : Set
data Ty : Con — Set

data Con where
o: Con
L, :(T:Con) > Ty = Con
eq:(l':Con)(A:TyI)(B:Ty(',A) —» (I',A),B)=(',c T AB)

data Ty where
1:(T':Con) > TyT
og:(T:Con)(A:TyI)>Ty(T,A) > Tyl
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Their approach goes as follows, with the idea being that we start by constructing a
category encoding the sorts, and then add an encoding of each constructor at a time.

We start by constructing a base category of sorts A, according to the types of the sorts,
and in this case A, = Famg,, having

« objects of type
Z (T: C — Set),

C:Set
« morphisms (C,T) — (C',T’) are functions f: C - C"andg: (c: C) - Tc —
T (fc).
Next, we add the specification of the ¢ : Con constructor. We do so by defining two

functors Ly and Ry, where L, specifies the left-hand side of the constructor, or its
arguments, and R, specifies the right-hand side, or its target type.

L02A0—>SCt Ro: fLo—)SCt
L(CT)=T :Z(Z(T: c - set))(LO (C,T)) — Set
C:Set
R (C,T,t) = C

In this case, ¢ takes no arguments, hence Ly (C, T) is defined as T, and its target type is
Con, which we’ve encoded as the C component of objects in Ay. Based on these two
functors, we construct a new category Ay, having

« objects of type

Z(Z(T: C o Set))(e: (x: Lo (C,T)) = Ro (C,T, %))

C:Set

EZ(Z(T: C— Set))(e:C)

C:Set

« morphisms (C,T,e) — (C',T’,¢’) are functions f: C — C" and g: (¢ : C) —
Tc— T (fc)suchthate = f(e).

Now A; encodes Con, Ty, and ¢. The next step is to add the constructor
,_:(I': Con) > TyT' — Con.

We define two functors L; and R; encoding the left- and right-hand sides of this con-
structor. It takes two arguments I' : Con and Ty I', which we encode using L;, and
outputs a Con, which we encode using R;.
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Li: Ay — Set Ri: [L; — Set
Li(C.T.e)= Y (TT) :Z(Z(Z(T:CeSet))(e:C))
I:C C:Set

(L1 (C,T,e)) — Set
R (C,T,e, (T,A)) =C
We now construct a new category A, that encodes Con, Ty, ¢, and _,_ having

« objects of type

Z(Z(Z (T: C — Set))(e : C))(ex: (x: L (C.T,e)) — R, (C,T, e,x))
C:Set

EZ(Z(Z (T: C — Set))(e : C))(ex: oI -0
C:Set

« morphisms (C,T,e,ex) — (C',T',¢’,ex") are functions f: C — C" and g: (c :
C) > Tc— T (fc)suchthate’ = f(e) and ex’ o (fT,gT't) = foex (I,1¢).

To encode the entire Con-Ty example, we keep going as above, where for every con-
structor we introduce two functors L, and R, and then construct a new category A, ;.
If the target of a constructor is an equality instead of a sort (like in the case of eq), we
simply define R, to be an equality. At the end of this process, we end up with a category
of ‘dependent dialgebras’, whose initial object corresponds to the QIIT.

This work addresses the problem of how to represent a QII'T’s signature, but it does not
tell us what kinds of signatures correspond to strictly positive QIITs, i.e. the ones which
are guaranteed to have initial (di)algebras. This is precisely the problem we want to
tackle, namely, we want to provide a canonical way to represent QIIT specifications that
admit an initial algebra. We do so by ‘containerifying’ the existing semantics illustrated
above.

3.5.1 Containerification

Our approach involves applying restrictions to the pair of functors L, and R, in order to
only allow QIIT specifications that are guaranteed to have an initial algebra. One such
restriction is ensuring L, and R, are container functors. Since these functors will have
types L,: A, — Set and R,: [ L, — Set, the first restriction we identified is for L,
and R, to be generalised container functors. Recall from Section 1.5 that a generalised
container over an arbitrary category C is given by a set of shapes S : Set and a family
of positions over the shapes P: S — |C|, written S <. P. This gives rise to a functor
[S<P]: C — Set, which on objects X : |C| is defined as [S<P] X = > (s : S)(C(Ps, X)).

In the case that L, and R, are generalised container functors, we have S;,, : Set and
Prn: Spn — |A,| and be able to write L, as

L,: A, — Set
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L, X = [[SL,n < PL,n]] X
= Zs:SL,n An (PL,n S, X)

We would also have Sg, : Set and Pr,: Sg, — | [ L,| with components PX PS5 . and

Rn’~ Rn’
PIJ; .- Further restrictions we identified for strict positivity are (i) Sg, = S, and (ii)

Py ,t = t, which allow us to write R,: [ L, — Set just using the two parameters P}){n
f.
and Py :

Ru (X, (5. ) = [(t : Sga) < (PR, 1. (P, t. Py )] (X, (5. )
= 3 (h: An(PY, 5. X)) (ho Pl s = ).

Assuming the existence of QIITs in the metatheory, this scheme is general enough to
encode both point and path constructors.

The ‘containerified’ semantics described above also gives rise to a syntax for QIITs. A
specification of a QIIT consists of a list of constructors, each of which is specified by

the parameters Sy, P, P and Pf We expect this syntax to be a refinement of the
theory of signatures presented in [KKA19] We hope this alternative syntax facilitates a
formal reduction from inductive-inductive types (II'Ts) to inductive families, and helps
us identify a so-called QW-type, which would be a universal type to which all strictly
positive QIITs could be reduced.



CHAPTER 4

Distributive Laws of Monadic
Containers

We have seen in Chapter 1 that containers give an algebraic presentation of a wide
class of strictly positive data types in terms of shapes and positions and they can be
interpreted via a fully-faithful functor into endofunctors on Set. Often, reasoning
about strictly positive data types in terms of their container representation is simpler
than their functorial representation — for example, transformations between container
functors constructed from container morphisms are automatically natural.

Monadic containers are those containers whose interpretation as a Set functor carries
a monad structure. Monads have received a lot of attention in functional program-
ming [HPW+92] and denotational semantics for their ability to model a wide range
of programmatic side-effects [Mog91]. In practice, it is rare for side-effects to appear
individually — developing a way of composing monads is useful for situations where
multiple effects are interleaved. In general, however, the composition of two monads
need not result in another monad. While the category of containers is closed under
container composition and is a monoidal category (see Section 1.3.3), monadic con-
tainers do not in general compose. Distributive laws [Bec69] were developed as a
sufficient condition for such a composition to form a monad, thereby ensuring that the
corresponding side-effects are interleaved in a coherent way. Constructing distributive
laws is known to be quite difficult due to the complexities involved in checking their
axioms, besides the fact that some monads, even if they are composable, do not admit a
distributive law in the first place [ZM22, Remark 4.19]. As a result, various work has
been done on different approaches for constructing distributive laws [MMO07; MMO08],
and for identifying cases where there are none [ZM22; KS24].

In this chapter, we develop a characterisation of distributive laws of monadic containers
[Uus17], with the goal of providing an algebraic way of reasoning about distributive
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laws between strictly positive data types. We build on similar characterisations in the
literature: Ahman, Chapman, and Uustalu develop directed containers [ACU12], i.e.
containers whose functorial interpretation carries a comonad structure, and the first and
last authors provide a characterisation of their distributive laws [AU13]. Uustalu also
develops monadic containers [Uus17], but to our knowledge, no work has been done on
characterising their distributive laws. Our work parallels the development in [AU13]
for monadic containers and therefore closes this gap. Furthermore, by combining our
work with [AU13], we construct characterisations of mixed distributive laws, i.e. of
directed containers over monadic containers and vice versa, thereby completing the
‘200’ of container characterisations of (co)monads and their distributive laws.

Formalisation

Our representation of distributive laws involves a list of highly dependent equalities, and
therefore lends itself well to formalisation in a proof assistant such as Cubical Agda
[VMAZ21], in which we have formalised our characterisations as well as those in [ACU12;
AU13]. An HTML rendered version of the formalised statements in this chapter can be
found at stefaniatadama.com/distr—law—-thesis—html, and the source
code can be found at [PD25a]. The aforementioned code implicitly assumes that we are
dealing with h-sets throughout. A version of this code that makes this explicit and uses
definitions from the Cubical library [Agd25a] is a work in progress. This version can
be found at github.com/stefaniatadama/cubical/tree/distr—-laws.

While our formalisation is written in a cubical type theory [CCHM18; VMA21], our
work holds in any intensional Martin-Lof type theory by assuming extensionality
principles that are provable in cubical type theory, namely function extensionality (in
particular, we do not use univalence).

4.1 Related Work

Polynomial monads (polynomial functors equipped with cartesian monad maps) have
been studied by Gambino and Kock [GK13], but to our knowledge there is no characteri-
sation of when polynomial monads can be composed via a distributive law or otherwise.
Monadic containers fail to be a special case of polynomial monads, as monadic con-
tainers are not required to be cartesian. However, we do have that cartesian monadic
containers, referred to as X-universes by Altenkirch and Pinyo [AP17], are special cases
of polynomial monads. Awodey first mentions the connection between lax X-universes
and a monad structure on polynomial functors in [Awo18, Remark 13].

Manes and Mulry [MMO07; MM08] have developed general theorems concerning the
existence of distributive laws. Zwart and Marsden [ZM22; Zwa20] have developed
‘no-go theorems’ for monads that can be represented as algebraic theories, filling many
holes in an extended version of the Boom hierarchy [Bun94]. Algebraic theories are
disjoint from monadic containers in the sense that all monads representable by algebraic
theories are finitary. On the other hand, the container T < (1 _ — A) can be uniquely
equipped with monadic container data, and the extension of this container is not finitary
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if A is non-finite [Koc09]. Ahman, Chapman, and Uustalu’s characterisation of directed
containers [ACU12] has been used by Karamlou and Shah to develop no-go theorems
relevant to finite model theory [KS24].

Directed containers and certain theorems in [ACU12] have already been formalised in
vanilla Agda [Ahm11], but to our knowledge their distributive laws have not. We for-
malise directed containers and their distributive laws alongside our own developments
in Cubical Agda, but do not recreate all proofs included in [Ahm11].

4.2 Monadic Containers

Recall that we have previously defined (unary) containers S < P (Definition 1.3.1) and
their functor representation [S < P], which we previously referred to as their container
functor (Definition 1.3.5). Also, recall that containers form a category Cont (Defini-
tion 1.3.9), and that there is a fully-faithful functor [_]: Cont — [Set, Set] mapping
containers to their functorial representation as endofunctors on Set (Definition 1.3.11
and Theorem 1.3.12).

Crucially for us, we can equip Cont with a monoidal category structure, by viewing
composition of containers as the tensor product and the identity container id® =
T < (A_— T) as the unit object [Uus17]. Recall that given containers S <P and T < Q,
their composite, denoted (S < P) o (T <Q), is defined as the container

(S<P)o(T<Q)=((f): Y. (Ps = D)) <( D0 (Fp))
s:S

pPs

= (s [s<PIT)<( 2 0(/p)

p:Ps

Moreover, the functor [_]: (Cont id€, o) — ([Set,Set],1d,-) from Cont with the
aforementioned monoidal structure to the strict monoidal category of endofunctors on
Set, is (lax) monoidal, i.e. it preserves monoidal multiplication and unit:

[id] = 1d
[(S<P)o(T<Q)]=[S<P]-[T<Q].

For the rest of this section, we state the definitions of monadic containers and their
monad interpretations, and provide some examples.

Monadic containers were developed by Uustalu [Uus17] as a characterisation of monads
whose underlying functors are container functors. We adopt conventions used by
Altenkirch and Pinyo in [AP17], referring to them as monadic containers (rather than
mnd-containers) and using their presentation as lax X-universes.

Definition 4.2.1. A monadic container is a tuple (S < P, 1, o, pr) where

S<P:|Cont|
1:S
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O"l—[(PS—)S)—>S

[I‘ﬂ P(osf)— > P(fp)

{s:S} {f:Ps—>S} p:Ps
satisfying the following equations:

cit(A_—>s)=s ocs(A_—> 1) =s

pro{tj{A-—sip=p pri{si{l-—up=p

os(Ap = a(fp)(ge(p,-) =0a(osf)(gopr)
pry{s}{Ap = o (fp)(go (p.-N}p=pr {s}{f}(pry{osf}{gopr}p)
pry {f p}{Ap" = g (p.p")} (pry{s} {Ap = o (fp) (go (p,-))}p) =
proy {st{/} (pry{osfi{goprip)
pro {f p}{Ap" = g (p.p")} (pry{s} {Ap = o (fp) (go (p.-)}p) =pry{osfi{goprip

where we use the shorthands pr; := m; o pr, and (p, —) := Ap” — (p, p’). The equalities
for pr hold up to the corresponding equalities for o above them. O

For clarity we include all implicit arguments in grey in the equations above, but we
will often omit them when they can be inferred from the context. For example, given
p:P(o(osf)(gopr)), we can write the last three equalities for pr as

pr, p = pry (pryp) pry (pry p) = pr, (pry p) pry (pryp) =pryp

We will sometimes abuse notation and refer to a monadic container (S < P, 1, o, pr) by
its container S < P, when 1, 0 and pr are clear from the context.

Monadic containers can be thought of as containers whose set of shapes is pointed,
and closed under taking ‘container-fulls’ of shapes, in the sense that any element
(s, f) : [S<P] S gives a new shape os f : S. The role of pr is to specify how positions
p: P(osf) map to positions p; : Ps and p, : P (f p1).

An alternative intuition is that monadic containers can be seen as lax versions of (Tarski-
style) type universes closed under singleton and dependent sum types [AP17]. Shapes
are interpreted as codes for types, and the position family is the map that interprets
each code as a concrete type. 1 is the code for the singleton type, and o constructs codes
for >-types.

Definition 4.2.2. A Y-universe (S < P,1,un, o, pr) is given by a monadic container
(S <P, 1, 0,pr) with the isomorphisms

un:Pi1=T

ﬂ [ Nmﬂ~ZPUm

{s:S} {f:Ps—>S}

i.e. where for all s and f, pr {s} {f} is an isomorphism, and P is isomorphic to T. A
>-universe is called univalent if the family P is injective. O
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Every monadic container can be interpreted as a monad on Set, this interpretation
being an extension of the usual interpretation of containers as functors.

Definition 4.2.3. The monad interpretation of a monadic container (S < P, 1, o, pr) is
defined as the monad ([S < P],n, 1) on Set, denoted by [S <« P, 1, o, pr]™, or simply
[S < P]™ when the monadic container structure is clear from the context, where

n:1d - [S<P] p:[S<aP]oS<P] — [S<P]
maa=(A_— a) a (5. f) = (0 (1 0 f), 7 0 f 0 pr). 0

Example 4.2.4. The list container N < Fin can be extended to a monadic container by
taking

1:=1
onf:=f0+---+f(n-1)
pry{n} {f}p=max{ie [0.n) |[fO+---+fi<p}
pro{n} {f1p=p—(fO+ -+ f(pr{n} {/}p)).

This is also an example of a X-universe. The monad interpretation of this container is
isomorphic to the list monad with concatenation. O

Example 4.2.5. Given some set S, the container (S — S) < (A - — S) can be extended
to a monadic container by taking

Li=Ax > x
ofg:=2Ax —gx(fx)
pr (£} x 5= (x, £ x).

The monad interpretation of this is the well-known state monad from functional pro-
gramming. O

inltt > T
Example 4.2.6. The container (T + E) <A I N of coproducts with E can be
inr_ —

extended to a monadic container by taking

L:=inl tt
o(inltt) f=ftt
o(inre)_=e

pr{inl tt} tt := (tt, tt).

This is another example of a X-universe. The monad interpretation of this is known to
the functional programming community as the exception monad. O

Example 4.2.7. Given a monoid (A, ®, e), the container A < (A_ — T) can be extended
to a monadic container by taking
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caf:=a® ftt
prtt := (tt, tt).

The monadic container equalities hold as a consequence of the monoid equalities. We
call this the writer monadic container. Monadic containers on A <« (A_ — T) are in
bijection with monoids on A. The monad interpretation of this is typically called the
writer monad. O

We remark that monadic containers form a category MCont, whose identity and
composition are inherited from Cont. The operation [_[™¢ extends to a fully faithful
functor of type MCont — Monad(Set). Similarly to how monads on Set are monoids
in the monoidal category ([Set, Set],Id, -), monadic containers are monoids in the
monoidal category (Cont, id<, o).

Lastly, we recall the definition of directed containers [ACU12], for use in later sections
of this chapter.

Definition 4.2.8. Let S < P be a container. A directed container on S < P is a tuple
(S<P,o0,®,]) where

o:| |Ps slo=s
{s_:S} slpop)=G6lp lp
l: Ps—S p®o=p
s o@p=p
ea:{ g}ﬂP(slp)HPs pep)ep =pe@pep). O

4.3 Distributive Laws

The question of whether two monads compose has applications in many areas. In
functional programming and denotational semantics of effectful languages, for ex-
ample, one might consider composition of two (or more) notions of side effect. As
remarked in [ZM22, Remark 1.1], distributive laws provide a particularly nice way to
compose monads, that imbue the resulting composite monad with a variety of desirable
properties.

Distributive laws were first introduced by Beck [Bec69] as a sufficient condition for the
composition of the underlying functors of two monads to carry a monad structure.

Definition 4.3.1. Let S = (S, %, p%) and T = (T, 57, u7) be monads. A distributive law
of S over T is a natural transformation y : TS = ST such that the following diagrams
commute.
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S T
TS v > ST TS v > ST
O
Ty yT ¥S Sy
TTS — TST — STT TSS — STS — SST
pTSl/ l/SpT T,usl l/,uST
TS 7 > ST TS v > ST

Our approach involves specialising Definition 4.3.1 to the case when S and T are
container functors, making S and T monads on container functors. We rely on the
fact that the container interpretation functor [_]: Cont — [Set, Set] is fully faithful
and monoidal. This gives us that each distributive law of [S < P]™ over [T < Q]™
corresponds to a unique monadic container distributive law of S <P over T <Q, and lets
us directly interpret the diagrams in Definition 4.3.1 as diagrams in Cont.

Definition 4.3.2. Let (S < P, 5, 6%, prs) and (T < Q, Il prT) be monadic containers.
A monadic container distributive law of T <« Q over' S < P is given by the data

up: | |[(Ps—>T)—>T

U : l_l Q(uisf)—S

s:S fiPs—T

1 : l_[ 1—1 P(u;sfq) — Ps
{s:S}{f:Ps—T} qQ (ursf)

Vg : [ ] rl 1—[ rl Q(f(v1gp))

(55} (f:Ps—T) q:Q (ur s f) p:P (uzs f g)

which satisfy the following equalities.

wmit(A_—>t)=t (unit-1S-s;)
witA.—>t)=A_—1° (unit-1S-s,)
o {°{l —tlqp=p (unit-1S-py)
v (P} —tlqp=q (unit-1S-p,)
ws(A_— =T (unit-1T-sq)
uys(A_—> 1My =1_—5s (unit-iT-sy)
o {st{A —1qp=p (unit-1T-p,)
v (s} {A_— 1" yqp=q (unit-1T-p,)

'The ordering of the monadic containers in this terminology follows that used by Beck.
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ur (0®sf)(gopr®) =us(Ap = ui (fp) (go (p.-))) (mul-S-sy)
ur (6°sf) (gopr’)q=0° (uzs Ap = ui (fp) (go (p.-)) q)
(Ap = uz (f (v1gp)) (go (v1gp,—)) (v29p))

(mul-S-s5)
pry (v1gp) =019 (pr p) (mul-S-py)
pr; (019p) =01 (029 (pry p)) (pr3 p) (mul-S-py)

v2qp =05 (029 (pr} p)) (pr5 p) (mul-S-py)

urs(Ap = o' (fp)(go (p.-) =0 (ursf) (Ag = u (w25 fq)(govg)  (mul-T-s)
ups (Ap = o' (fp)(go (p.-))) g =uz (uzs f (pr{ q)) (govq) (pry q) (mul-T-s,)
o1 (pr] q) (01 (prj @) p) =v1qp (mul-T-p;)

vz (pr] q) (01 (pry q) p) = pr] (v2qp) (mul-T-py;)

02 (pr§ Qp= PrzT (029p) (mul-T-p32)

O

We will use the shorthands

usf = (uysf,uysf)
v{si{/1qp= (o1 {s}{[}qp.v2{s}{/}qp)

to simplify stating examples of monadic container distributive laws. We refer to equali-
ties whose names end in s; or s, collectively as ‘shape’ equalities. The ones ending with
names in pq, s, P21, OF Pa are referred to collectively as ‘position’ equalities. Many of
the equalities above are heterogenous/dependent, i.e. they hold up to previously stated
equalities.

These equalities may seem rather unwieldy, but often in applications of this characteri-
sation many of the equations simplify considerably. For example, when constructing
a distributive law, if we define a uy, u; such that we can take v; {s} {/} qp = p and
vp {s} {f} qp = q, then all the position equalities hold definitionally, and only the shape
equalities must be proven (like in Example 4.3.3). The distributive law uniqueness
lemmas (Lemmas 4.3.4, 4.3.6 and 4.3.16) and no-go theorem in Section 7 only require
consideration of a few of these equalities.

While Definition 4.3.1 is a concise way of stating what a distributive law is, expanding
this definition to check the naturality of y and commutativity of the 4 diagrams turns
out to be cumbersome in practice. Furthermore, our phrasing of distributive laws
lends itself to formalisation in a proof assistant. In Cubical Agda, the dependencies
between equations can be explicitly stated in terms of dependent paths, and we can
prove properties of distributive laws without descending into “transport hell”.

Example 4.3.3. For any E, S, and P, there is a monadic container distributive law of
inftt > T
S<Pover (T + E)<1/1{l given by

inr _— L

u(inltt) f = (ft, A_— inltt)
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u(inre) = (5 A_—inre)

o {inltt} {f} ptt:= (tt, p). O

In fact, this is the only monadic container distributive law of this type, and the charac-
terisation in Definition 4.3.2 offers a succinct proof of this:

Lemma 4.3.4. The distributive law in Example 4.3.3 is the unique one of S < P over

inltt > T
(T+E)</1{Tn - foranyE, S, and P.

nr_— L

Proof. We first note that (T — S) = S, and that L — S is contractible (and it has a
point A _ — S )- Using these facts and the equalities unit-:S-s;, unit-1S-s,, unit-1T-s;, and
unit-1T-s,, u is uniquely specified up to function extensionality. We can use the same
reasoning and laws unit-1S-p; and unit-1S-p; to see that v is also uniquely specified up
to function extensionality. [

Example 4.3.5. For any A, S, and P, there is a monadic container distributive law of
T<(A_-— A) over S < P given by

usf = (tt,A_—s)
vap = (p,a). O

Lemma 4.3.6. The distributive law in Example 4.3.5 is the unique one of T < (A_ — A)
over S <P foranyA, S, and P.

Proof. Follows from the isomorphisms T = (Ps — T) for any s : S, and the unit-/T
equalities for monadic container distributive laws. [

Ahman and Uustalu in [AU13] noticed that distributive laws of directed containers
generalise matching pairs of monoid actions, and the composition of directed containers
via a distributive law generalises the Zappa-Szép product of monoids [Bri05]. The follow-
ing example illustrates how distributive laws and composition of monadic containers
generalise the same constructions but in a slightly different way, which is unsurprising
but worth noting,.

Example 4.3.7. Given monoids (A, ®4,14) and (B, ®5,:8) and a matching pair of
monoid actions (¢ : AXB — A, : AX B — B), there is a distributive law of
B<(A_-— T)over A<(A_— T) given by

uab:=(f(abtt),A_— a(abtt))
v tttt = (t, tt)

where the distributive law equalities follow from the equalities for the matching pair of
monoid actions (up to the isomorphism (T — B) = B). Conversely, any distributive law
of this type specifies a matching pair of monoid actions for the relevant monoids. ¢
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4.3.1 Composing with distributive laws

Along with distributive laws, Beck also introduced the equivalent notion of compatible
composites [Bec69], as a way to specify when a given monad can be considered a
composite of two others. In this section, we characterise these in terms of monadic
containers. For containers S < P and T <« Q, we will often use the shorthand

0g =5 f) = D, Q(fp): [S<PIT — Set

p:Ps

to simplify the presentation of nested X-types.

Definition 4.3.8. A compatible composite monadic container of (S <P, 5,05, prs) over
(T <Q,i%, o7, prl) is a pair of maps

o || (0hx—>[s<PIT)—>[s<P]T
x:[S<P] T

pre | ] [T ohsnH— > 05(fp)

{x:[S<P] T} {£:0F s—[S<P] T} P0G s

where:

e ((S<P)o(T<Q),(15,A_—T),0,pr) is a monadic container

« the container morphisms (As — (s,A_ — (7)) < and (At — (5,1 — 1)) <m
are monadic container morphisms, as defined in [Uus17]

+ the middle unitary laws hold:

(f)=0(sA-= ") (Ap > (°,A-— f(mp)))
(g:p) = (m1 (pry (g, p)), m2 (pry (¢, p)))

where the second equality is dependent on the first. O

In Beck’s paper (i.e. in the monad setting), distributive laws and compatible composites
(which he calls composite triples) are shown to be equivalent. In the container setting,
we have seen that monadic container distributive laws of D = (T < Q, Lol prT) over
C=(S<P, S, 07, prS ) and distributive laws of their monad interpretations y: [C]™ -
[D]™¢ = [D]™¢ - [C]™¢ are in bijection. Compatible composite monadic containers of C
over D are also in bijection with monad interpretations y : [C]™¢-[D]™ = [D]™-[C]™¢.
This follows because a compatible composite of C over D

oapr: (§<P)o(T<Q))o((SaP)o(T<Q)) = (S<P)o(T<Q)

is a container morphism, the collection of which is in bijection with natural transfor-
mations between container functors y: [C o D] - [C o D] = [C o D], by [.] being full
and faithful. By monoidality y has the structure of a distributive law and now that we
are back in the monad setting, we can use Beck’s result that says that this is equivalent
to y being a monad distributive law. Therefore, since we have already seen that

monadic container distributive laws =~ monad distributive laws
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and we just explained how
compatible composite monadic containers ~ monad distributive laws,

by transitivity, we get that monadic container distributive laws and compatible com-
posites are equivalent.

Following the above argument, we would now like to give a direct construction of
the compatible composite monadic container we obtain from a monadic container
distributive law, and vice versa.

Proposition 4.3.9 (Compatible composite from a distributive law). Given monadic
containers (S <P, 1%, 0, prS) and (T < Q, IoT, prT), and a monadic container distributive
law (u1, uz, v1,02) of S < P over T < Q, we have a compatible composite monadic container
given by
o (s,f)g:=(s(Ap = ui (fp) (g1 0 (p,-))),
Ap — o (uz (f (pri p)) (g1 © (pri p,—)) (pr3 p))
(Ag — g2 (pr{ p,v1 (pr3 p) @) (v2 (pr3 p) 9)))
pr (p.q) = ((pr] p.v1 (pry p) (pri ),
(02 (pr3 p) (pr] ). pry q))

where g; = 1; 0 g.

Proof. Derivations of the ‘associativity’ equalities are in Appendix A. Proofs of the
remaining equalities are included in the Cubical Agda formalisation. ]

Proposition 4.3.10 (Distributive law from a compatible composite). Given monadic
containers (S <P, 15, o5, prs) and (T < Q, Il prT), and a compatible composite monadic
container (o, pr) of S <P over T <« Q, then we have a monadic container distributive law
given by

usfi=0 (', (2-—9)(Ap = (f (mp),(2-— %)
vgp = (12 (pry (g, p)), 1 (pry (4, p)))-

To see that Proposition 4.3.9 generalises the Zappa-Szép product of monoids, we consider
the case in Example 4.3.7 of a distributive law between two writer monadic containers
A<(A. — T)and B<(A_ — T). The resulting compatible composite monadic
container (constructed using Proposition 4.3.9) is again a writer monadic container
(AX B) <« (A_ — T), whose corresponding monoid is a Zappa-Szép product of the
monoids corresponding to A<(A_— T)and B<(A_— T).

Example 4.3.11. Given a set A and monadic container (S <P, S, 05, prs ), the compatible
composite monadic container of T < (A_ — A) over S < P arising from the distributive
law in Example 4.3.5 is given by

o (tt, f) g = (t,Ada — o° (fa) (Ap = m (9 (a,p) a)))
pr(a.p) = ((a,pr; p). (a.pr3 p)). 0
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On another note, composite monadic containers can be useful for considering extensions
of (1, %)-type-universes (modelled by X-universes [AP17]). As an example, we consider
how to augment a X-universe (U <EL &, un, 6/, pi!) with codes for refinement types
[JV20]. This can be done by considering compatible composites of U/ < El over the
‘Maybe’ 3-universe (Example 4.2.6 where E = T). In the below, we refer to the function
of type T + E — Set mapping (inl tt) — T and (inr _) — L as MaybeT.

Example 4.3.12. Given a X-universe (/ < El, M oun, o4, pru ), the composite monadic
container corresponding to Example 4.3.3 when E = T is

L= (M, inl th)

g1 (p,tt) if fp=inltt
o(sf)g= (o‘us (/1}) -~ {1; if fp=inrtt )’
1o 12 (e p ) (prif p) i f (prf p) = inl )
P inr tt lff(przlf{p) =inrtt

pr (p. tt) = ((pr§ p, tt), (pr p, t)).

This composite monadic container is also a 3-universe, since pr being an isomorphism
. . . . . El ~ . U - . .

implies that pr is an isomorphism, and ¢ Mayber ! = T, since un” is an isomorphism.
To see how shapes in the above composite encode refinement types, consider a shape

(s, f): Zsu(Els — T + T). The shape s is a code for the type Els, and we can see

f as a predicate on elements of Els. The type that (s, f) encodes is Oﬂaybﬂ (s, f) =

Z £l MaybeT (f x), whose elements are elements of Els for which f ‘holds’, or is
equal to inl tt.

This is an ‘augmentation’ in the sense that all types encoded by I/ have unique codes in
the composite universe. Given a shape s : U, the composite shape (s, A_ — inl tt) codes
for the type with elements from Els that satisfy the ‘always true’ predicate — this is
clearly isomorphic to the type Els.

4.3.2 Mixed distributive laws

By combining our characterisation of monadic container distributive laws with Ahman
and Uustalu’s directed container distributive laws [AU13, Section 4], it is straightforward
to obtain a characterisation of mixed container distributive laws.

Definition 4.3.13. Let (T <Q, 1, 0, pr) be a monadic container and (S <P,0,®, ) be a
directed container. We define a monadic-directed container distributive law of T < Q over
S <« P as the data

ulzn(Ps—>T)—>T

s:S
uzzl—[ l_[ Q(uysf)—S

s:S fiPs—T
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01:1—[ 1_[ 1—[ P(ussfq) — Ps

{853 {f+Ps—=T} ¢:Q (uy s f)

]_[ [T [l ] e¢@arn

{f:Ps—=T} q:Q (urs f) p:P (uzs f q)

which satisfy the following equalities.

ursf=f(o{s}) (unit-0S-s)

vi{st{flq(o{ussfq})=o{s} (unit-oS-p1)

va {s} {ftq(od{uzsfq})=q (unit-0S-p;)
upsfqlp=up(sloigp) (Ap" — f(orgp@p)) (v2q9p)

(mul-S-s3)

0 q(p®p) =viqp ®oi(v2gp)p’ (mul-S-p;)

v2q(p®p’) =0z (v2qp) p’ (mul-S-p,)

ups(A-—> i) =A_—s (unit-:T-s,)

o {st{A-— i lgp=p (unit-1T-p;)

vz {s} {1 — 1"} qp =q (unit-1T-p,)

uys(Ap = o' (fp) (9o (p.-))) g =uz (s f (pr] @) (govq) (pry q)  (mul-T-s,)

01 (pr] q) (v1 (pry @) p) =v1gp (mul-T-p)

02 (pry ) (v1 (pr3 q) p) = pry (v29p) (mul-T-pyy)

v (pr3 q) p = pry (029 p) (mul-T-pz)

O

We note that the first six equations are taken from directed container distributive laws,
and the remaining equations from monadic container distributive laws. As in directed
container distributive laws, the unit-0S-s equality fully determines u;.

Directed-monadic container distributive laws (of a directed container over a monadic
container) can be derived in a similar fashion.

Definition 4.3.14. Let (S <« P, 1, 0, pr) be a monadic container and (T <Q,0,®, ]) be a
directed container. We define a directed-monadic container distributive law of T < Q over
S < P as the data

Up : (Ps—>T)—>T

U : n Q(uysf)—S

s:S fiPs—T

vy l_[ 1—[ P(u;sfq) —> Ps
[558) ([P 5T} ¢Q (ur 5 )

o: [ [ ] ] e¢@an

(55} ([P s—T) ¢Q (wrs f) p:P (uzs f q)
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which satisfy the following equalities.

wmit(A_—>t) =t (unit-1S-s;)
wt(A_—>t)=A_>7 (unit-1S-s,)
v {"}{A-—tlgp=p (unit-1S-py)
v, (Pl —tlgp=q (unit-1S-p,)
ur (055 £) (gopr) =urs (Ap — w (£ p) (g (p,-)) (mul-5-5,)

uz (0°s f) (gopr’)q=0° (uzs (Ap — w1 (f p) (g0 (p.-))) q)

(Ap = uz (f (01 qp)) (go (v1gp,—)) (v2qp)) (mul-S-s5)
prs (v19p) =014 (ptyp) (mul-S-py)
pr; (019 p) =01 (v29 (pr} p)) (pr; p) (mul-S-ps1)

v2qp =02 (029 (Pé p)) (Prg p) (mul-S-p2,)

us f(o{uysf})=s (unit-oT-s)
vi(o{wsfHp=p (unit-0T-p,)
v (0 {ur1sfH)p=ois} (unit-oT-p,)
usflq=u(usfq)(Ap— f(viqp) lv2qp) (mul-T-s,)
usf(q®q) =ux (uzsfq)(Ap — f(v1qp) loagp)d (mul-T-s,)
v1(q®q)p=v1q(viq p) (mul-T-p,)
02(q®q)p=02q9(v1q p) ®v2q p (mul-T-p,)

O

Example 4.3.15. There is a monadic-directed distributive law of the reader monadic
container T <« (A _ — B) over the writer directed container A < (1 _ — T) for any sets
A and B, given by

uaf :=(thA_—a)
v btt:= (i, b). O

Lemma 4.3.16. The mixed distributive law in Example 4.3.15 is the unique one of T <
(A_—> B)overA<(A_— T).

Proof. Follows from the isomorphism (T — T) = T and then directly from the unit-/T
equations of monadic-directed distributive laws. [

It is thematically appropriate to check if these mixed distributive laws correspond to
any known constructions on monoids. For monadic-directed distributive laws, we can
do this by specialising the mixed distributive law to the case of B< (A_ — T) over
T<(A_. —> A), where T <« (1_ — A) is the reader directed container for a monoid
(A, e, @), and B< (A _ — T) is the writer monadic container for a monoid (B, e5, ®%).
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uy and v, trivialise, u; is uniquely defined as u; s f = f e, and the only parameter we

are left with is
o [ [T []]]a

(ttT} {fA>B} ttT @A

Possible values of v; in this case are in bijection with functions & : (A — B) - A — A,
satisfying the equations:

afet =
af(ae?d)=afad’a(lx = f(afad?x)d
a(A.—>ePa=a

a(Ax - fxdPgx)a=af(a(Ax — g(afx))a).

Counterintuitively, we do not end up with a matching pair of monoid actions. Instead
we have something that we could call a ‘functional monoid action’ of the function space
A — B on the monoid A. We have not come across this construction in the literature,
but we would not be surprised if it was already known to algebraists.

Despite this, when we specialise directed-monadic container distributive laws to those
between writer monadic containers and reader directed containers, we find that they
are in bijection with matching pairs of monoid actions.

In summary, by restricting distributive laws to those between certain monadic and
directed containers (those that are in bijection with monoids), we obtain corresponding
constructions on monoids. The table below records the constructions obtained by
considering distributive laws of each row container over each column container.

Writer monadic container | Reader directed container

Writer monadic container Matching pairs Functional monoid actions

Reader directed container Matching pairs Matching pairs

This highlights an interesting asymmetry, however the reason for this asymmetry is
not immediately obvious to us.

4.4 A No-Go Theorem

To show that our characterisation in Definition 4.3.2 is amenable to developing theorems
concerning non-existence of distributive laws, we look to Zwart and Marsden [ZM22]
for approaches to developing no-go theorems that we may be able to emulate.

To do this, since Zwart and Marsden study algebraic theories, we first need to translate
properties of and statements about algebraic theories into ones for monadic containers.
Our strategy for this translation was to very loosely view aspects of a monadic container
as analogous to aspects of an algebraic theory:

« shapes are ‘terms’
« positions are ‘variables within a term’
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« o is the ‘substitution operator’

« 1is a ‘variable placeholder’

« pris a map from ‘variable positions in a term resulting from a substitution’ to
‘variable positions in the terms that were involved in that substitution’.

The point of this is not to form a rigorous connection between monadic containers and
algebraic theories, but to see if there are common patterns that can be easily taken
advantage of. As it turns out, this loose perspective provides sufficient intuition to
emulate the “too many constants” theorem about non-existence of certain composite
algebraic theories in [ZM22, Theorem 4.6] into our setting.

Definition 4.4.1. A monadic container (S < P, 1, 0, pr) has the singleton property if
Pr=T. O

Definition 4.4.2. Given a monadic container (S < P, i, o, pr) we call any shape s : S
where Ps = 1 a constant shape. O

Definition 4.4.3. A monadic container (S < P, i, o, pr) satisfies the (S3) property if there
exist s : Sand f: Ps — S such that

« Psis non-empty,
« equality on Ps is decidable, and

« forany p: Ps
i£p = pf
osfp =10
fr' ifp#p

L. O

The name of this property is taken from the analogous property of algebraic theories in
[ZM22, Section 4].

Example 4.4.4. The list monadic container N « Fin satisfies (S3) by taking any n : N
except 0, and taking f := A_ — 0. Since you can pick any n : N where Finn is non-
empty, this container actually satisfies a stronger property, directly analogous to (S4) in
[ZM22, Section 4].

! ifp=yp
fr ifp#p
on fP =1 for any p : Fin n. This means that the shape equality is satisfied, and also
that we only have to consider p” = 0 for the position equality.

We denote o n (/lp’ — { ) (i.e. o for a fixed p) by o n fP. First notice that

The sum P70+ --- + fP (i — 1) becomes 1 exactly when i = p, which gives us that
max{i € [0..n) | fPO+---+ fP(i—1) < 0} = p. Therefore, by definition, we have
pry {n} (/71 p" = p. ¢

Lemma 4.4.5 (Composite (S3)). Let (S < P, 15, 6%, pr’) be a monadic container satisfying
the singleton property and (S3) for somes : S and f : Ps — S, and (T <Q, 1, o7, prT) be
a monadic container. Assume we have a monadic container distributive law (uy, Uy, v1,v2)
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of S<P overT «Q. Then, foranyt: T andp : Ps,

u1S(lp,—>{t ifp'Ep)

t.
Loifp’ #p

Proof. By the chain of equalities:

uls(/lp'—) {tT if p’ Ep)

oifp" £ p
S if p’ =
Euls(/l "= it (A;_”f) - %p/ p) [unit-1S-s; & unit-1T-s1]
u (fp)(A-—17) ifp" #p
, 5 ifp’ = t ifp'=p
:uls(ﬂp_)ul({fp’ ifi’se’;)(a_){” ifp’%p))
5 if p’ = p t ifprip’=p
u (Ss(p - Ap” 1 I-5-
ul(as(p—> o ifp’fp))(p - I ifprfp"aép) (mul-§-51]
_ s t ifp=p
= Uy ()L—>{[T ifpfp) [(S3)]
=t [unit-1S-s;] U

Theorem 4.4.6 (Too many constants). Let (S < P,1°, 0%, pr’) be a monadic container
satisfying the singleton property and (S3) for somes : S and f : Ps — S, such that we
have two distinct positions p,p’ : Ps, and let (T < Q, It prT) be a monadic container.
Assume we have a monadic container distributive law (uy, uy, v1,02) of S<P over T < Q.
Then T < Q cannot have more than one distinct constant shape.

Proof. Assume we have two distinct constant shapes ty, t; : T, ty # t;. We first have the
chain of equalities:

to
=0l ty(A_— 1) [Definition 4.2.1]

=gl (ms(ly - {? sz Zi ))

to ifz= ty if =p
()Ly—)ul(uzs()tze ; %z p)y)(Az—) ; %Ulyz p))
oifzED v iforyz #p
[Lemma 4.4.5, Q ty — T is contractible and transporting over Lemma 4.4.5 preserves this]

=u;s ()Ly — ol ( {to ify=p ) (/L — {t; ify =p’ )) [mul-T-s;]

Ioify #p oify #E

olty(A_— 1) ify=p
=us ()ly —ol T (A_—t) ify=p ) [p # p’ by assumption]
ol T (A=) ify#pandy % p’
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to lfy =p
=us ()ly — 1ty ify=yp ) [Definition 4.2.1]
T

1 ify#Epandy £ p’

Using the same steps, we can derive

to ify=p
L = uls(/ly — 1 lfy Epl )
T

1 ify#Epandy £ p’

and by composing these two equalities, we get that ¢, = #;. This contradicts our
assumption that t, and t; were distinct. O

With this theorem we can obtain the known result that there are no distributive laws
of the list monad over the coproduct monad.

Example 4.4.7. Let E be a set with at least two elements ey, e; : E such that e; # e;.
By Theorem 4.4.6, there is no monadic container distributive law of the list monadic

inltt > T
container N <Fin over the coproduct monadic container (T + E) <A { .0
inr_— L

The scope of this theorem is slightly different to Zwart and Marsden’s theorem of the
same name, as it concerns a different class of monads — those presentable as monadic
containers rather than algebraic theories. It is possible to represent any monad on
Set as a generalised algebraic theory [Man12], but it is not immediately clear how to
transfer no-go theorems for compositions of algebraic theories into that setting.

4.5 Conclusion

We have characterised monadic, monadic-directed, and directed-monadic container
distributive laws, and have motivated their use for development of uniqueness and
existence proofs. Further, we have shown such proofs to be amenable to mechanisation
in a proof assistant.

Looking at the constructions on monoids that each of these distributive laws generalise,
we note a curious asymmetry. Monadic-directed container distributive laws correspond
to the notion of ‘functional monoid action’, as opposed to matching pairs of monoid
actions, which all other kinds of distributive law we consider correspond to.

Our work dualises that of Ahman and Uustalu in [AU13], completing the set of charac-
terisations for container (co)monads and their distributive laws, but there are clearly
further directions to explore. All of our characterisations and those in [ACU12; AU13;
Uus17] could be extended to symmetric (or groupoid) containers [Gyl11], or further to
categorified containers [Gyl11; Alt24] to describe a larger class of (co)monads and their
distributive laws. For example, it seems possible to represent the finite multiset monad
using groupoid containers. We leave this for future work.
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In Example 4.3.12, we touch on the connection between type universes and monadic
containers. This perspective could be further explored, using this work as a starting
point. For example, one could consider developing a notion of composition for type
universes with not only codes for T and X, but also for IT types.



CHAPTER 5

Conclusion & Further Work

This thesis focussed on two main themes: exploring the theory of containers in a context
without uniqueness of identity proofs, thereby working in a setting compatible with
homotopy type theory, and formalising much of this theory in the proof assistant Agda.
We started by giving an overview of the existing literature on containers and proving
some minor results, such as generalising Cartesian closure from ordinary containers to
indexed containers, and showing closure under products and coproducts of generalised
containers. Then, we generalised and fully formalised the result that ‘containers are
closed under least and greatest fixed points’ into a setting without uniqueness of identity
proofs, suggesting that similar closure results should hold for more general kinds of
containers, such as groupoid (or symmetric) containers and categorified containers.
Next, we constructed the groupoid category with families of containers and gave a
careful account of its formalisation, with the main novelty being the three coherence
proofs required to make this a groupoid model of type theory. We also sketched how this
model could play a part in obtaining semantics for quotient inductive-inductive types
using containers. Finally, we applied the theory of containers to monad distributive
laws, and characterised monadic distributive laws as well as mixed monadic-comonadic
distributive laws. These characterisations were formalised, and we presented various
examples to showcase the utility of our formalisation in proving uniqueness of certain
distributive laws.

The different projects undertaken in this thesis still have various interesting open
questions related to them, and we outline some of them here to act as a starting point
for future work.

While we have worked out all the basic details of the container GCwF, type formers
for this model of type theory remain mostly unexplored. The question of whether this
model has I1-types is of particular interest, since von Glehn’s polynomial functor model
which has the same contexts and substitutions as our model but different types and
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terms [vGle15], was shown to have II-types but refute function extensionality.

Our original motivation for the container model of type theory has to do with providing
semantics for QIITs via containers, as detailed in Section 3.1. To proceed in this direction,
one generalisation we should make is to construct a variant of our container model
of type theory, where contexts are now generalised containers (as opposed to set-
containers). This is because, for our application of giving QIIT semantics, we need
to construct the model with respect to an already constructed category of algebras
instead of Set. As detailed in Section 3.5, we want to restrict the functors L, and R,
representing the left- and right-hand sides of a constructor respectively, to be container
functors, among other restrictions. This is to ensure that the constructor is strictly
positive. However, L, and R, are not of type Set — Set but C — Set, where for L,, C
is a category of algebras, and for R,, C is the category of elements over L,. Hence L,
and R, are required to be generalised container functors.

Another pertinent research direction relating to providing semantics for QIITs via con-
tainers is the construction of an initial object in the category of algebras corresponding
to a QIIT, as defined in [ACD+18]. The construction as described in [ACD+18] of this
category A, of dependent dialgebras representing a QIIT is as follows. We start off
by defining a category A, of the type’s sorts. In general, any number of sorts can
be reduced to two sorts U : Set,El: U — Set (by what is informally known as the
‘Szumii trick’), so we can fix Ay to be the category of such families of sets. Next, we
define functors Ly and R, representing the first constructor of the type, using which
we construct the next category A; of algebras. We keep going in this way, adding one
constructor at a time, until we have added all constructors and get to A, the category
of dependent dialgebras corresponding to the QIIT.

Our ultimate goal is an extistence result for the initial object in A,,, provided that all the
constructors added along the way were strictly positive, i.e. all the L,’s and R,,’s were
generalised container functors (as well as some other restrictions). We always have the
forgetful functors U,: A,+1 — A,. What we would like to be able to define in general
are the free functors F, as the left adjoints of U,,. If we have these free functors, we can
then compose them to get F: Ay — A, and if F is the free functor, it is a left adjoint
and therefore preserves colimits. So if A has an initial object, which can be shown to be
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the case if A is defined as described above, we get an initial object in A,. One approach
to obtaining the free functors F, is using a constructive version of the adjoint functor
theorem — the categories A, were already shown to be complete in [ACD+18]. This
would require some variant of Adamek and Rosicky’s locally presentable categories
[AR94], in which a large collection of objects can be approximated by a small set of
objects via filtered colimits.



APPENDIX A

Omitted Proofs from Section 4.3.1

Associativity proofs of Proposition 4.3.9. Nearly all parts of Proposition 4.3.9 were for-
malised and canbe foundat stefaniatadama.com/distr—law—-thesis—html,
aside from the associativity equalities, which for technical reasons (Agda was taking
too long to compile) were not formalised but are proved below instead. Sub-expressions
with the same colour were rewritten by applying the same position equality.

o (a1, az) (Ap.o (b1 p, b2 p) {c1 p,c2 p))
=(0° a1 Ay (az y) (A2.0° (by (y,2)) Ay w1 (b2 (3,2) ) (A2 .1 (1.2) (v, 2))))),
)Ly.aT
(uz (az (Prf y))
(Az.0” (b1 (pr} y,2)) (Ay'us (b2 (pr y.2) y) (A2 .cx (pr{ 4, 2) (¥, 7))
(pr3 )
(AZ.UT
(uz (b2 (pri y.v1 (pr3 y) 2) (pr; (v2 (pr3 y) 2)))
(Az'.c1 (pri y,01 (pr3 y) 2) (pr} (vz (pr3 y) 2),2))
(prs (v2 (pr3 y) 2)))
(A2 .cz (pr] y.v1 (pr3 y) 2)
(pry (v2 (pr3 y) 2),01 (pr; (v2 (pr3 y) 2)) 2)
(02 (pr3 (v2 (pr3 y) 2)) 2))))
:[O'T and prT associativity]
(0° a1 (Ayur (a2 y) (Az.0° (b1 (3,2)) (A w1 (b (3.2) v) (221 (3.2) (v, 2)),
)Ly.oT

(o
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(uz (a2 (pr; y))
(Az.6° (b1 (pry ¥,2)) (A uy (b2 (pr} 4,2) y') (Az'.c1 (pr ,2) (¥, 2))))
(pr3 v))
(Az.uz (ba (pry y,v1 (pry y) 2) (pry (v2 (pr3 y) 2)))
(Az'.c1 (pr{ y.o1 (pr3 y) 2) (pr] (vz (pr3 y) 2),2))
(pr; (02 (pr3 y) 2)))
(Az.cz (pr; y,o1 (pr3 y) (pr! 2))
(pri (o2 (pr3 y) (pri 2)),01 (pr3 (vz (pr3 y) (pri 2))) (pry 2))
(02 (pr3 (02 (pr3 y) (pr] 2))) (pr} 2))))

=[mul-T equations]
(0° a1 (Ay.0®
(u1 (a2 y) (Az.by (y,2)))
Ay .y
(uz (a2 y) (Az.b1 (v,2)) ¥')
(Az.uy (b (y,01Y 2) (029 2)) (2.1 (y,01 Y 2) (024 2,27))))),

(uz (2 (a2 (pry y)) (Az.by (pr§ y.2)) (pr (pr3 v)))
(Az.uy (b (pr} y,01 (pr; (pr3 v)) 2) (vz (pry (pr3 ) 2))
(Az’.c1 (pri y,o1 (pri (pr3 ) 2) (vz (pry (pr3 ) 2.2)))
(pr3 (pr3 1))
(Az.uz (by (pry y,01 (pry (pry y)) (01 (pr; (pry ) 2))
(02 (pry (pr3 ) (o1 (pr3 (pr3 ) 2)))
(A2’ .c1(pr] y,01 (pry (pr3 y)) (v1 (pr; (pry ) 2))
(02 (pr; (pry ) (o1 (prs (pr3 y)) 2),27))
(v2 (pr3 (pr3 1)) 2)))
(Az.c2 (1 01 (pry (pr3 ) (v1 (pr; (pr; y)) (pr] 2)))
(v2 (pr} (pr; ) (v1 (pr; (pr3 y)) (pr] 2)),
o1 (02 (pr; (pry y)) (pri 2)) (pry 2))

(02 (02 (pr; (pr3 y)) (pri 2)) (pry 2))))
=[mul-S equations]

(0° a1 (Ay.0®
(w1 (az y) (Az.b1 (y,2)))
Ay uy (o7 (uz (azy) (Az.by (y,2)) y') (Az.bz (y,01 Y 2) (021 2)))
(Az.c1 (y,01 ¢ (pr] 2)) (02 (pr] 2),pry 2)))),
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(uz (o7 (uz (az (pr] y)) (Az.b1 (pr} y.2)) (prs (pr3 Y)))
(Az.by (pr] y.o1 (pr (pr3 1)) 2) (vz (pr} (pr3 y)) 2)))
(Az.cy (pri y,o1 (pri (pr; y)) (pry 2)) (v2 (pr; (pr; v)) (pri 2), pry 2))
(pr3 (pr3 )
(Az.c2 (pry y,o1 (pry (pr3 ) (pry (01 (pr3 (pr3 v)) 2)))
(02 (pry (pr3 y)) (pry (v1 (pr; (pr3 y)) 2)), pry (01 (pry (pr3 y)) 2))
(02 (pr3 (pr 1)) 2)))
:[O'S and prs associativity equations]
(US (O'S a1 (Ay.u1 (az y) (Az.b1 (y,2))))
(Ay.ur (6" (w3 (a2 (pry y)) (Az.by (pry y,2)) (pr3 )
(Az.bz (pr] y.v1 (pr3 y) 2) (vz (pr3 ) 2)))
(Az.cy (pri y.v1 (pry y) (pr{ 2)) (v2 (pr3 y) (pr] 2), pry 2))),
Ay.oT (uz (o7 (uz (az (pry (pry ) (Az.by (pr} (pr} v),2)) (pr; (pr} v)))
(Az.by (pr] (pry )01 (pr; (pr ) 2) (vz (pry (pry y)) 2)))
(Az.cr (pri (pr; y), o1 (pry (pry v) (pry 2))
(v2 (pr; (pry 1)) (pri 2),pr; 2)) (pry y))
(Az.cz (pr; (pr; y),o1 (pry (pr; ) (pri (v1 (pr; y) 2)))
(02 (pr; (pri y) (pry (v1 (pr; y) 2)), pry (01 (pr; y) 2))
(02 (pry y) 2)))
=: 0 (0 (a1, az) (Ap.(b1 p, b2 p))) (Ap.(c1 (pry p) (pry p).c2 (pry p) (pry p)))

pr; (pry (£, 9)
=pr} (pr} p),o1 (pr3 (pri p)) (pr1 (v1 (pr; p) (pri q)))

=pr; p,o1 (pr; (pry p)) (pr] (o1 (pr3 (pr3 p)) (pri @) [pr® assoc. egs.]
=pr; p,o1 (pry (pr3 p)) (o1 (pr3 (pr3 p)) (pry (pr] 9))) [mul-S-p;]
=pry p.o1 (pr3 p) (prq (prf ) [mul-T-p; ]
=pry p,o1 (pry p) (pry 9) [pr! assoc. eqs.]
=pry (p.qQ)

pr, (pry (p.q))
=0y (pr; (pri p)) (pry (v1 (pr3 p) (pri @))).pry (v1 (pr; p) (pri )
=10, (pr; (pr; p)) (pri (v1 (pr3 (pr3 p)) (prl @),
pry (o1 (pr3 (pr3 p)) (pri q)) [pr’ assoc. egs.]
=0, (pry (pr3 p)) (01 (pr; (pr3 p)) (pry (pri @),
o1 (02 (pr3 (pr3 p)) (pr] (pri @) (pry (pr{ @))  [mul-S-p;, mul-S-py]
=pr} (02 (pr3 p) (pri (pr] q))),
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v1 (pr; (02 (pr3 p) (pri (pri @)))) (pry (pri @)  [mul-T-py;, mul-T-py,]
= pry (v2 (pr3 p) (pr] 9)),

o1 (pr3 (v2 (pr3 p) (pri @) (pry (pry q)) [pr” assoc. eqs.]
= pr; (pry (9, q))

pry (p.q)
=0 (pr; p) (pry q).pry q
=0, (pr; (pr; p)) (pr] q).pry q [pr® assoc. egs.]
=3 (vz (pr3 (pr3 p)) (pr] (pri 9))) (pr3 (pr] @)).prs g [mul-S-ps;]
=0y (pr; (v2 (pr3 p) (pri (pri @)))) (pry (pri @)).pry q [mul-T-py,]
=9, (pr; (v2 (pry p) (pri @) (pri (pr3 9)). pry (prj q) [pr" assoc. eqs.]

= pr, (pry (p.q)) <
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